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ABSTRACT 

Some galaxy clusters show diffuse radio emission in the form of peripheral relics (so 
far attributed to primary, shock- (re) accelerated electrons) or central halos. Analysing 
radio and X-ray data from the literature, we find new connections between halos and 
relics, such as a universal linear relation between their peak radio brightness and the 
gas column density. Our results indicate that halos, relics, and halo-relic bridges in a 
cluster, all arise from the same, homogeneous cosmic ray (CR) ion (CRI) distribution. 
We analytically derive the signature of synchrotron emission from secondary electrons 
and positrons (CREs) produced in hadronic CRI collisions, for an arbitrary magnetic 
field evolution. In our model, flat spectrum halos (both giant and minihalos) arise from 
steady-state magnetic fields, whereas relics and steep halos reflect recent or irregular 
magnetic growth. This naturally explains the properties of halos, relics, and the con- 
nections between them, without invoking particle (re) acceleration in weak shocks or 
turbulence. We find CRI energy densities in the range u p ~ io - ! 12 - 4 ' 13 - 3 ! erg cm -3 , 
with a spectral index s p — —2.20 ± 0.05, and identify an eb ~ 0.1 magnetic fraction 
in some halos and behind relics, as far as 2 Mpc from the cluster's centre. The CRI 
homogeneity suggests strong CR diffusion, £>(100 GcV) > 10 32 cm 2 s _1 . The strong 
magnetisation imposes strict upper limits on > 10 GeV CRE (re)acceleration in weak 
shocks (efficiency e e < 10~ 4 ) and turbulence; indeed, each weak shock slightly lowers 
the energy fraction of flat CRs. 

Key words: galaxies: clusters: general — galaxies: clusters: intracluster medium — 
X-rays: galaxies: clusters — radio continuum: general — magnetic fields 



1 INTRODUCTION 

As the largest gravitationally bound structures in the Uni- 
verse, galaxy clusters are the focus of intense cosmological 
and astrophysical research. Nonthermal radiation fro m clus- 
ters w as observed in the radio band (for rev iew. seelFeretti 
2005 ) and in hard X-rays (for review, see iRephaeli et al. 
20081 ). and is expected to be observed i n 7-rays in the nea r 



future (by the 5- year Fermi mission; see lKeshet et alj|2003h . 

Such nonthermal signals trace the cosmic rays (CRs) 
and magnetic fields permeating the intracluster medium 
(ICM). These nonthermal components play an important 
role in the evolution of clusters on multiple scales, affecting 
their dynamical and thermal structure, for example by mod- 
ifying the transport and dissipation processes. The distribu- 
tions of CRs and magnetic fields in the ICM hold a unique 
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record of past dynamical processes, such as the history of 
merger- induced shocks and turbulence in the cluster. Mod- 
eling these component also constrains the poorly understood 
processes of particle acceleration and plasma magnetisation. 

A fair fraction of the hot galaxy clusters (~ 35% 
of the clusters with X -ray luminosty Lx > 10 45 erg s _1 ; 
iGiovannini etU] [2002) show extended, nonthermal radio 
emission with low surface brightness, which is not associated 
with any particular member galaxy. This is believed to be 
synchrotron radiation emitted by CR electrons or positrons 
(CREs), injected locally into the ICM and gyrating in its 
pervasive magnetic fields. Arguably, such radio observations 
hold more information regarding the nonthermal compo- 
nents of the ICM than presently available in any other band. 



1.1 Source classification: halos and relics 

ICM radio sources are broadly classified, according to their 
location, morphology, and polarisation, as giant halos (GHs; 
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also known as a cluster- wide halos), minihal os (MHs; or core 
halos), or relics (jFeretti fc Giovannini|[l996h . In general, ha- 
los (both GHs and MHs) are regular, unpolarised emission 
around the cluster's centre, whereas relics are peripheral, 
polarised, typically elongated, and tho ught to be associate d 
with shocks. For a recent review, see iFerrari et all l|2008h . 
(We use the conventional term "relic" , although the recently 
suggested terms "flotsam" or "g ischt" may be more appro- 
priate; see lKempner et a"i1l2004r i. 

GHs are found in the centres of merger, non-cool core 
clusters. They are typically unpolarised, and show a reg- 
ular morphology which follows the thermal plasma. Their 
spectral indices lie in the range a„ = dlog(P„)/dlog v — 
-[1.0,1.5] (flat halos) or a v = -[1.5,2.0] (steep ha- 
los), where P v is the specific radio power and v is the 
frequency. GHs extend over large, ~ Mpc scales, far- 
ther than the distance a CRE can cross before cooling. 
Therefore, CREs must be injected locally and continu- 
ously into the ICM. Two types of models have been pro- 
posed for CRE injection in GHs: (i) secondary produc- 
tion by hadronic co llisions between CR ions (CRI) and 
the a mbient plasma (|Dennisonll 198Ct iBlasi fc Colafrancescol 
1 19991 ); and (it) in-situ turbulent acceleration or reacceler- 
ation of primar y CREs (|Enfilin et al.lll999l ; IBrunetti et al 



2001 ; |Petrosiar]|200ll) It was recently shown (jKushnir et al 
2003 ; iKeshet fc Loebl l2010h that the radio-X -ray correla- 



tions in GH lu minosity IBrunetti et all 2007) and in sur - 
face brightness jGovoni et all l200lt IKeshet fc Loebl l20ld ) 
strongly support the first, secondary CRE model, and imply 
that the defining property of GHs is a stron gly magnetised, 
B > 3 fiG ICM. (For a different view, see Brunetti et al.l 
l|2009h .) This model reproduces the s pectral, morphological 
and energetic properties of flat GHs (|Keshet fc Loebll2010l . 
henceforth KL10). Independent measurements of B within 
halos are presently not sufficiently precise to test this con- 
nection; low-significance evidence for higher magnetisation 
in halo clusters was reviewed in KL10. 

MHs are found in the centres of more relaxed, cool-core 
cluste rs (CCs). They extend roughly over the cooling re- 
gion (|Gitti et al.l I2002T ) . encompassing up to a few percent 
of the typical GH volume, and often overlap the radio emis- 
sion from an active galactic nucleus (AGN). They resemble 
miniature versions of flat GHs, typically being unpolarised, 
regular, and spectrally flat with a = —[1.0, 1.5]. They show 
radio-X-ray correlations consistent with those of GHs, and 
a similar ratio r\ = vI v /Fx between the radio and X-ray 
surface brightness (KL10). This indicates that they arise 
from the same mechanism as GHs: secondary CREs losing 
most of their energy to synchrotron radiation in highly mag- 
netised cores (KL10). This conclusion is supported by the 
morphological associ ation between MH edges and cold fronts 
(CFs), reported by iMazzotta fc Giacintuccl d2008h. Suc h 
CFs, present in most CCs (|Markevitch fc Vikhlininll2007l) . 
were identified as tangential discontinuities lying above (i.e. 
at larger distances r from t he cluster's centre) regions mag- 
netised by bulk shear flow jKeshet et al.llioiol '). We do not 
focus on MHs here; for a discussion of their properties, see 
KL10. 

As opposed to halos, radio relics are typically po- 
larised (at > 10% levels), irregular (often elongated), and 
far from the cluster's centre (up to r ~ a few Mpc). Dif- 
ferent classification schemes have been proposed for relics 



(|Giovannini fc Ferettil l"2004 iKempner et~aT]|2004 ); here we 
focus on relics which are true ICM emission, not associated 
with any galaxy or AGN. All relic clusters which have been 
carefully analysed in the optical or X-ray bands sh ow evi- 
dence of a recent merger (G lovanmm fc Ferettill2004l ). These 
properties, and the absence of nearby CRE sources, sug- 
gest that relics are associated with merger shocks propa- 
gating through the ICM. Ind eed, in some cases {e.g., in 
A521; iGiacintucci et al]|2008l ). a relic was found to coin- 
cide with an X-ray brightness edge consistent with a shock 
front. Thus far, it has been thought that CREs in relics 
must be primary particles, injected by the weak collisionless 
shock. Two mechanisms were proposed for such injection: 
(i) diffu sive shock accelerat ion (DSA) in merger or accretion 
shocks (|Ensslin et al.lll998h ; and (it) adiabatic compression 
of fossil radio plasma caught b y a shock (a "radio phoenix" ; 
lEnfilin fc Gopal-Krishnall200ll '). However, a secondary CRE 
model for relics was never ruled out (D. Kushnir 2008, pri- 
vate communications). 

1.2 Motivation: observational inconsistencies and 
unconstrained assumptions 

Accumulating evidence indicates that the present modeling 
of these ICM radio sources is, at best, incomplete. Obser- 
vationally, there are several results that are peculiar or in- 
consistent with the present models. This includes multiple 
similarities between halos and relics, radio bridges some- 
times observed to connect a halo and a relic, halos with 
a steep spectrum, the remarkably similar spectrum at the 
edges of all relics, and the selective appearance of spectral 
steepening inward of relics. Interpreting these results un- 
der the assumption that halos are produced by secondary 
CREs while relics arise from primary CREs requires fine 
tuning and implausible assumptions, as we show in |j2j The 
problem becomes worse if one assumes that halos arise from 
turbulent-accelerated primary CREs, as this leads to ad- 
ditional inconsistencies and unnatural assumptions, as dis- 
cussed in KL10 and below. 

On the theoretical side, the present models rely on some 
questionable, unconstrained assumptions. Primary CRE 
models are sensitive to the poorly understood processes of 
particle acceleration and magnetisation in weak collisionless 
shocks and in turbulence. Halo primary CRE models thus 
make multiple assumptions which ar e not independently 
teste d or constrained (see, for example IBrunetti fc Lazarianl 
l2007t ). Models assuming pristine particle acceleration at 
merger shocks typically compute the spectrum from dif- 
fusive shock acceleration (DSA) theory, but the predicted 
spectrum was not confirmed for weak shocks and the accel- 
eration efficiency is unknown; only loose upper limits on the 
efficiency are available. Analogously, due to the poor un- 
derstanding of CRI diffusion through the ICM, secondary 
CRI models typically make some simplifying assumptions 
regarding the distribution of CRIs or magnetic fields within 
the cluster. 

In addition, previous secondary CRE models assume 
a steady-state magnetic field, in the sense that the mag- 
netic energy density ub = B 2 /8iv evolves on a timescale 
much longer than the CRE cooling time, t coo i ~ 0.1 Gyr. 
These models assume, in addition, a steady-state CRE in- 
jection rate. These assumptions are violated for example in 
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the vicinity of shocks and during the onset of turbulence. 
Halo models are sensitive to these assumptions, in particu- 
lar when the halos are young, near the edge of halos, and 
near shocks embedded in the halo or at its edge, as observed 
in several cases. 



1.3 A unified halo— relic, secondary CRE model 

We find that a single secondary CRE model simultaneously 
accounts for all types of diffusive radio emission from the 
ICM, including GHs, MHs, relics, and halo-relic bridges. 
We begin in Sj3] by studying radio data, extracted from the 
literature, for all known relic clusters and for a sample of 
halo clusters. We parameterise the distributions of CREs 
and magnetic fields as unknown power-law functions of the 
bulk plasma (for brevity: gas) density, thus avoiding unnec- 
essary assumptions regarding the nature of the CREs and 
the distributions of CREs, magnetic fields, and gas. 

A useful diagnostic of diffuse radio sources is the ratio 
between radio and X-ray emission, as it relates the non- 
thermal and thermal components of the plasma. The X-ray 
emissivity, dominated by thermal bremsstrahlung, is propor- 
tional to the gas density squared, jx oc n 2 , where n is the 
electron number density. The radio emissivity is roughly pro- 
portional to the product of the CRE energy density u e and 
the magnetic energy density, j v oc u £ ub- As clusters are ap- 
proximately isothermal, the ratio jv/jx oc e e es gauges the 
energy fractions e e = u e /u t h of the CREs and es = us/uth 
of the magnetic field, measured with respect to the thermal 
energy density uth = (3/2)/i~ nksT. Here, T is the temper- 
ature, ks is Boltzmann's constant, and the /i = fh/m p ~ 0.6 
factor accounts for the thermal contribution of ions, with m 
being the average particle mass. 

The radio to X-ray ratio is particularly useful in regions 
where ub exceeds the energy density u cm .t of the cosmic 
microwave background (CMB), B > B cm b = (87rUc»n&) ■ 
Here, CRE cooling is regulated by the magnetic field with 
little Compton losses, so in a steady state u e oc u^ 1 , and 
jv/jx oc e e /n is independent of the magnetic field. This ap- 
pears to be the case near the centres of halos, according to 
the P v -Lx corr elation between radi o power and X-ray lumi- 
nosity in GHs |Kushnir et a.1.1 l2009l l . and the linear I v —Fx 
correlation between radio and X-ray surface brightness near 
the centres of both GHs and MHs (KL10). 

Therefore, we begin by modeling the radio to X-ray 
brightness ratio r\ = vI v /Fx near the centres of well studied 
halos. We find that r\ oc F^ 2 ^ in these clusters, valid out 
to distances r > 400 kpc. Equivalently, this may be written 

1/3 

as I v oc F x ~ A n , where X n is the gas column density. 
As j v oc ti e oc u v n in strongly magnetised regions, this is 
our first direct indication that the CRI energy density u v is 
homogeneous. We identify a radial break in r\ in some halos, 
which we interpret as the transition from strong to weak 
fields (see KL10), complicating any estimate of u p at larger 
distances based on halo data alone. 

Next, we examine r\ in reli cs, using P models of the 
clusters based on ASCA data (|Fukazawa et al.l I2004T 1. In 
particular, we choose the location along the relic where ra- 
dio brightness is maximal, presumably corresponding to the 
highest magnetic field and a favourable projection. We find 
that these relics r\ values lie close to, but slightly above, 



the r\ = rjoin/no) -1 — r]o(Fx / Fx,o)~ 2 ^ 3 curve normalised 
by halos, where subscripts denote a quantity measured 
at the centre of the cluster, r = 0, and n here is the pro- 
jected density in the plane of the cluster. Therefore, relics 
too approximately satisfy I v oc A„, and with a proportion- 
ality coefficient similar but slightly higher than in halos. 

This surprising result is very unnatural in the context 
of present models, because all model variants attribute halos 
and relics to different CRE populations. It strongly suggests 
that relics, like halos, arise from secondary CREs, produced 
by the same population of CRIs. This would imply that 
the distribution of CRIs remains homogeneous out to r ~ 
2 Mpc, close to the virial shock of the cluster. 

1.4 Incorporating deviations from a CRE steady 
state: essential for relics and spectral analyses 

In order to test the applicability of one secondary CRE 
model for both halos and relics, we examine the morpho- 
logical and spectral properties of relics, and the halo-relic 
regions in clusters that harbour both. Recognising that the 
rapid changes in the magnetic field and in CRE injection at 
the relic discontinuity are responsible for the elevated (with 
respect to r\ = r/o(n/no)~ ) relic brightness and the spec- 
tral steepening observed inward of several relics, indicates 
that the space-time evolution of the CRE population must 
be incorporated in the model. 

Therefore, in we compute the CRE evolution and 
the resulting synchrotron signal, for an arbitrary temporal 
evolution of the magnetic field and of the CRE injection rate, 
and examine the effects of CRE diffusion across magnetic 
irregularities. In particular, we study the structure of a weak 
shock, and derive the properties of radio emission arising 
from weak shocks and turbulence. We show that a weak 
shock of Mach number M < 5 raises the pressure of flat 
spectrum CRIs and CREs by a factor ^ M 2 , thus lowering 
the CR energy fraction with respect to the (shocked) gas. 

Quite generally, synchrotron emission brightens, and 
subsequently steepens, in regions that experienced strong 
recent magnetic growth which exceeds the gas compression. 
This explains the steepening observed downstream of several 
(but not all) relics, provided that these relics are strongly 
magnetised, as confirmed in some cases by independent esti- 
mates of the relic magnetic field. This effect also provides an 
alternative explanation for the spectral steepening observed 
near the edges of some halos, interpreted by KL10 as evi- 
dence for a steep cosmic ray proton (CRP) spectrum, and 
explains the very steep spectrum of a subset of GHs. 

1.5 Model calibration, tests, and implications 

Our time-dependent model is applied to halo and relic ob- 
servations in SJS] in order to test the model and calibrate 
its parameters. We find that the model reproduces the ob- 
servations, provided that the CRI distribution is homoge- 
neous, and that a fraction e_e — 0.1 of the thermal energy 
density downstream is deposited in magnetic fields. We then 
show that the model naturally explains the multiple connec- 
tions inferred between halos and relics, such as the halo-relic 
bridges, which all arise because the same CRIs are involved. 
The model also explains the universally flat spectrum ob- 
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served at the edges of relics, provided that the CRP spec- 
trum is flat out to ~ 2 Mpc from the centre. 

The brightening (dimming) and spectral steepening 
(flattening) of the radio signal reflect recent magnetic growth 
(decay), gauging the dynamical state of the cluster. The pos- 
sibility that steep GHs are young mergers associated with 
recent or irregular magnetic growth is tested, by showing 
that they are preferentially associated with nearby relics. 

The homogeneous CRI distribution we infer on cluster 
scales, and the strong, evolving magnetic fields required to 
explain the various radio sources, bear several implications 
for the energy budget in clusters, their nonthermal emission 
in radio and other bands, and the physics of magnetisation 
and particle acceleration and evolution. After briefly review- 
ing the model in ^Hl we estimate the CRI energy density u p 
and spectrum s p , and show that the magnetic fields in sev- 
eral halos are consistent with es ~ constant, on the order of 
10%. We show that assuming that u p and es are universal 
constants in GHs, approximately reproduces the P v -Lx and 
Pv-Rv correlations observed, where R v is the halo size. 

We show that the CRI distribution can be explained 
by particle acceleration in strong shocks: SNe shocks, the 
virial shock, or a combination of both. The homogeneous 
CRI distribution then requires that either the diffusion of 
CRIs is sufficiently strong and their escape from the cluster 
is quenched, or that gas mixing is highly efficient. Various 
implications of our results are discussed, in particular the 
connections between the different radio sources, and addi- 
tional hadronic signals. As the magnetic fields are found to 
be strong in both halos and relics, we impose strict upper 
limits on the efficiency of particle acceleration in weak shocks 
and turbulence. 

1.6 Central argument 

The diffuse (not associated with any local source) radio 
emission observed from the ICM, in its difference forms 
(flat and steep GHs, MHs, relics, and halo-relic bridges), 
can be explained as synchrotron emission from secondary 
CREs, produced by hadronic collisions involving CRIs with 
a flat spectrum (s p = —2.20 ± 0.05) and with a homoge- 
neous distribution, with energy density in the range u p ~ 
IQ- [12.4,13.3] gr g qjjj-s^ provided that the spatial and tempo- 
ral variations of the magnetic field are taken into account. 

This model resolves the present puzzles outlined in 
reproduces the morphology, spectra and energetics of flat 
spectrum halos (for example in Figs. [4HZJ > an d explains the 
spectral and morphological properties of relics and halo- 
relics bridges (see fj5} . Taking into account the magnetic am- 
plification by shocks, the model also reproduces the bright- 
ness of relics (compare Figs. \T%\ and 1261 before and after 
accounting for e = 4% shock magnetisation). Interpreting 
steep spectrum GHs as young mergers, based on their asso- 
ciation with nearby relics (see Fig. I28p . explains their spec- 
tral steepening as arising from an increasing level of mag- 
netic turbulence, in particular if CRE diffusion is strong (see 

sngj) . 

1.7 Paper layout and definitions 

The paper is organised as follows. In Sj2]we discuss some pe- 
culiarities and inconsistencies of present halo and relic mod- 



els. In ^3] we analyse halo and relic observations, present 
the phenomenological evidence for a homogeneous CRI dis- 
tribution, and show that a time-dependent model is re- 
quired in order to explain the morphologies and spectra ob- 
served. A time-dependent model is derived in fj4] generalis- 
ing secondary CRE emission for the case where the magnetic 
field and CRE injection evolve rapidly, in particular near a 
weak shock and under turbulent conditions. The model is 
then tested against observations in [JSJ both among different 
sources and within well-studied halo clusters that harbour 
shocks or relics. Here we derive es for relics, discuss the 
spectral steepening and curvature, and show the association 
between steep GHs and nearby relics. In Sj6] we discuss the 
model and its implications. In particular, we compute the 
energy density u p and the spectral index s p of the CRIs, and 
outline the implications of their homogeneous distribution. 
Also discussed are the implied constraints on CRI diffusion, 
primary CRE acceleration in shocks and turbulence, and 
additional hadronic signals. Finally, our analysis and results 
are briefly summarised in EjTj Supporting computations for 
the model are provided in Appendices lAlfDl 

Considering the observationally-driven structure of the 
paper, the reader may wish to skip the observational motiva- 
tion for the model in Sj3]and an d the analysis of variable 
fields and injection in i|4] and proceed directly to the de- 
scription of the model and its application to observations in 
351 or to its review and discussion in [JUl Alternatively, the 
summary in iJT] provides references to all the results derived 
in the text. 

We assume a concordance ACDM model with dark mat- 
ter fraction Qm = 0.26, baryon fraction Qb = 0.04, and a 
Hubble constant H = 70 km s _1 Mpc -1 . Error bars are la 
confidence intervals, unless otherwise stated. The main pa- 
rameters used in the study are defined in Table [5] We use 
the term cosmic-ray proton (CRP) instead of CRI when dis- 
cussing processes in which a proton plays an individual role, 
for example when describing the high energy spectrum. 



2 PRESENT HALO AND RELIC MODELS: 
PUZZLES AND INCONSISTENCIES 

Several observations are inconsistent with, or unexplained 
by, the present halo and relic models. These discrepancies 
and coincidences — manifestations of the same physical pro- 
cess, as we shall see — indicate that the present models 
are, at best, incomplete. In order to better understand the 
present models and their limitations, and to motivate the 
search for a more successful model, we now review these 
observational clues. 

2.1 Giant halos with a steep spectrum 

In the secondary CRE model for halos (both GHs and MHs), 
the CREs are produced through hadronic collisions, and 
their energy spectrum closely reflects the spectrum of their 
parent CRPs. This primary CRP spectrum is uncertain, 
but thought to be well approximated by a power-law of 
index s p = d\ogn p /d\ogE p — —[2.0,3.0] in the relevant, 
E p ~fcw-100 GeV proton energy range (see KL10 for a 
discussion). For slowly evolving magnetic fields, the corre- 
sponding radio spectrum is roughly a ~ s p /2 = —(1.0-1.5), 



© 2010 RAS, MNRAS 000,03-?? 



Relics and Halos: homogeneous CRIs, evolving magnetic fields 5 



as observed in flat halos. Here, a = — 1 (s p — —2) implies 
equal energy per logarithmic interval in photon (proton) en- 
ergy. 

Recent years saw increasing evidence for the existence 
of GHs with a steep spectrum, where a < —1.5. An extreme 
example is the halo in A521, where the spectral index in 
the frequency range 330 MHz-1.4 GHz was rece ntly shown 
to be aj;| = -1.86 ±0.08 jPallacasa et al.ll2009h . (We shall 
henceforth use this a£J notation to represent the spectrum 
between frequencies v\ and V2 measured in GHz.) There are 
currently six known steep halos — in A521, A697, A754, 
A1300, A1914, and A2256; their parameters are summarised 
in Table [2] This sample of steep GHs constitutes a minor- 
ity — less than 20% — of all GHs, as at least 31 GHs (see 
iGiovannini et al1l2009h are currently known. However, halo 
observations are usually selected based on high frequencies 
maps, so steep halos could in principle be much more com- 
mon than revealed by the present data. Future low frequency 
studies with MWAQ, LOFAeQ, and SKA0 are expected to 
discover many more halos, and would better estimate the 
steep fraction. 

It was recently claimed that such steep GHs cannot 
arise from secondary CREs, because this would require a pri- 
mary CRI popu lation with unrealistically large energy and 
steep spectrum (|Brunetti et aljfeOQSl ; iDallacasa et al .1120091 ; 
lBrunettil20"09T ). Indeed, present secondary CRE models must 
be revised if they are to explain halos with a < —1.5. 

A closely related phenomenon, which challenges sec- 
ondary CRE models, involves the strong spectral steepen- 
ing observed as a function of frequency in some GHs. Ex- 
ample s include Coma ( A165 6; aj;! ~ —1.16 and <x\'% 



-2.3; IGiovannini et all [200 



„ 1-4 



-1.3 ± 



-2.2; 
0.2 and 



„ 1-4 



_J), 

Feretti et all 119971 ), and 



A2319 {al% 



-0.92 and 



A3562 (a°A_ 



= -(1.9-2.3); IVenturi et all 120031 ; 
iGiacintucci et al]|2005l ). Such steepening exceeds the weak 
spectral variations expected in secondary CRE models due 
to the energy dependence of the cross section for sec- 
ondary production, unless s p < —3 (see KL10). The thermal 
Sunyaev-Zeldovich (SZ) ef fect |Zeldovich fc Sunvaevl [l969l ; 
ISunvaev fc Zeldovich|[l980l ) contributes to such steepening, 
and was suggested as a poss ible explana tion for the spec- 
trum of halos such as Coma (|Enfjlinll2002h . However, it was 
recently argued that the SZ effect is not sufficient ly strong 
to account for the substan tial steepening observed (|Brunettil 
120041 ; iDonnert et alJ|2o"ich . 



2.2 Spectral peculiarities of relics 

Detailed spectral maps obtained recently pose a challenge 
for relic models, as they do for halos. One challenge here is to 
explain why some relics show substantial spectral steepening 
inward of the relic, while others do not. Another difficulty 
involves several relics, found in different clusters and radii 
(i.e. distance from the cluster centre), all showing a nearly 
identical, flat spectrum, which is unnatural in a primary 
CRE model. 

All relic models so far agree that due to CRE cooling, 
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the radio sp ectrum should gradually steepen away from the 
shock (e.g., IGiacintucci et aLll2008T l; in most cases this im- 
plies steepening with decreasing radius. Indeed, in several 
cases (A521, A3667, A1240, A2256, A2345), the radio spec- 
trum was found to vary significantly across the relic, being 
flatter (a ~ —1) at the outer rim and steeper (a < —1.5) 
towards the cluster's centre. If the spectrum at the outer rim 
is a pure power-law with index a, one expects the spectrum 
of the integrated radio signal to be steeper, a — a — 1/2, due 
to CRE cooling. This appears to be the case for example in 
A521, where &0.3 = -1.05 ± 0.05, but inward of the rim the 
spectrum dramatically steepens to values < —2.5, leading to 
an av erage = —1.48 ±0.01 spectrum |Giacintucci et all 
I2008T ). 

However, so me relics show only a modest (e.g., A2744 ; 
lOrru et all 120071 1 or no (e.g., A2163; iFeretti et all I2004T I 
steepening. For example, the textbook relic A1253±275 in 
Coma shows mild steepening, with & '_ 6 ~ —1.0 at the outer 
rim a nd aj;! = —(1.0-1.4) at smaller radii (|Giovannini et all 
Il99lf ). This leads to an integrated, p ure power-law spectrum 
with index afdb = -1-18 ± 0.02 (|Thierbach et al.l 120031 ). 
flatter than the a ~ —1.5 spectrum anticipated from the 
above arguments. A clue to the difference between these 
spectral behaviours is the distance of the relics from the 
centre of their clusters; all steepening relics are found at 
radii r < 1 Mpc, whereas little or no steepening is found in 
relics beyond r — 1 Mpc. 

Considering the observational difficulty of integrating 
the entire diffuse, weak radio emission, a useful measure of 
the relic spectra is the (usually) flatter spectrum a at the 
outer edge. All models associate relics with shocks, so a is 
the most pristine measure of the spectrum just behind (i.e. 
downstream of) the shock. It was measured for a handful 
of relics, by binning the radio maps radially. The spectra of 
the outermost bins are summarised in Table [T] all the relic 
agree with the range a — —[0.95, 1.10]. These measurement 
can be supplemented by the edge spectrum in relics that 
show little spatial variations, such that a can be estimated 
from the uniform spectral map or from the computed a. 
Examples include Com a (aj;g ~ —1.0 typically found by 
IGiovannini et al.lll99ll ). A2163, and A2744 (see Table E). 

The narrow distribution of the edge spectral indices a ~ 
— 1 among the different relics shown in Table [T] is unnatural 
or inconsistent with the present relic models, because they 
either cannot explain the pure power-law spectrum observed 
(radio Phoenix model), or attribute no special significance 
to the value & = — 1 (DSA models), as we now show. 

In some relics, a was found to be very well fit by a pure 
power-law, spanning a wide frequency range, with no evi- 
dence for spectral curvat ure. The best example s are Coma 
(ao.h = -1-18 ± 0.0 2; iThierbach et al l l2003h and A521 
(a-o.l = -1-48 ± 0.01; IGiacintucci et alj|2008h . The lack of 
spectral curvature rules out the radio P hoenix model as a 
plaus ible explanation for such relics (see IGiacintucci et all 
l2008h . Henceforth we focus on the shock acceleration model. 

In the DSA model, the outer rim of the relic is iden- 
tified with a shock, where CREs with a power-law energy 
distribution, N e oc El' , are injected into the downstream 
plasma. The injection spectrum is determined solely by 
the shock compression ratio, or — henceforth assuming an 
adiabatic i ndex F = 5/3 — by the Mach number M of 
the shock (|Krvmskiil Il977j ; lAxford et ail 1 19771 ; iBeil 1 19781 ; 
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Table 1. Spectrum of radio emission from the outer rim of relics. 



Cluster 


Relic position 


Outer spectrum 


Reference 


Shock Mach number 


name 


(or name) 








according to DSA 


A521 


Southeast 


*8:§ = - 


1.05 ±0.05 


Giacintucci et al. (2008, figure 7) 


M = 2.15l ;"? 


A1240 


North (A1240-1) 


&li = - 


1.09 ±0.17 


Bonafede et al. (2009. figure 8) 


M = 2.W±°H 


A1240 


South (A1240-2) 


&ii = - 


1.10 ±0.15 


Bonafede et al. (2009, figure 8) 


M = 2.08l°;^ 


A2345 


East (A2345-2) 


&li = - 


1.06 ±0.08 


Bonafede et al. (2009. figure 3} 


M = 2.14+°'^ 


A2256 


North 


= - 


0.95 ±0.15 


Clarke & Ensslin (2006. figure 51 


M = 2.33±gj£ 


A1656 


West 


"0.6 


~ -1.0 


Giovamiini_e^^l i (1991^ 


M ~ 2.24 


A2163 


Northeast 


a 0.3 — 


1.02 ±0.04 


Feretti et al. (2004) 


M = 2.20l°;°6 


A2744 


Northeast 


rv 1 - 4 — 
Q 0.3 — 


-0.9 ±0.1 


Orru et al. (2007) 


M = 2.45ig;g 



The estimated outer spectral index a is shown for each relic, along with the corresponding shock Mach number Ai according to DSA 
theory. Quoted values of a give the spectrum of the outermost, flattest bin extracted from published spectral profiles (upper rows), or 
otherwise estimated f or relics with little spect ral variability (bottom rows). We exclude the exceptionally flat, non-power-law spectrum 
of the relic in A2255 jPizzo fc de Bruvnll2009] ). which cannot be modeled in a DSA context, and the West relic in A2345 (A2345-1; 
iBonafede et alj|2009h . which has an unclear projected geometry and shows inward flattening, rather than steepening. 



iBlandford fc Ostrikerlfl97a ). 



= -2 



M 2 + 1 
' M 2 - 1 



(2.1) 



This fixes the radio spectrum at the outer rim of the relic, 
where CREs had no time to coo l, through a — (s e + l)/2 
(e.g., iRvbicki fc Lightmanlll986h . Consequently, 



3 + M 2 
2(M 2 - 1) 



(2.2) 



CREs farther inward of the rim had progressively more time 
to cool, so the spectrum steepens. If all the radio emission 
is accounted for, the integrated spectrum a becomes 



M 2 + l 
' M 2 - 1 



(2.3) 



One can invert equation (|2.2[) and find the shock Mach 
numbers corresponding to the a ~ — 1 measurements. As 
shown in Table [TJ this yields Mach numbers in the range 
[2.1, 2.3] for the five relics with measured a (and similarly 
for A2163, A2744, and Coma). This range is alarmingly nar- 
rower than expected. Numerical simulations show a wide 
distribution of shock Mach numbers, in the range 1-3 at the 
radii char acteristic of relics , with rare shocks as strong as 
M = 3.5 |Vazza et al.ll20l"ol . and references therein). More- 
over, simulations predict a radial dependence of the Mach 
number distribution (e.g., IVazza et al.ll2010l ). The above 
relics span a wide range of radii, ~ [0.5, 2] Mpc, and yet show 
very similar M according to the DSA model. Finally, X-ray 
data suggests that some of thes e relics are associated w ith 
shocks stronger (e.g., A 521, see Giacintucci et al.ll200cj ) or 
weaker (e.g., Coma, see iFeretti fc Neumann 20061 ) than the 
A4 = 2.2 values inferred under the DSA assumption. 

Finally, we stress that in addition to the observational 
discrepancies demonstrated above, the DSA relic model is of 
limited use here because particle acceleration in weak shocks 
is neither theoretically understood, nor observationally con- 
strained. DSA theory, while successfully reproducing the 
spectrum in strong shocks, does not self-consistently com- 
pute the acceleration efficiency The efficiency is well con- 
strained from observations only for strong sho cks, for exam- 
ple in supernova remnants (for a discussion, see lKeshet et al.l 
I2003T I. Only loose upper limits on the acceleration efficiency 
of weak shocks are available, on the order of e e ~ 10% of 



the thermal downstream energy (|Nakar et al.ll2008T ). In the 
absence of a calibrated model for weak shocks, DSA relic 
models utilise ad-hoc prescriptions for the efficiency, which 
probably depends non-trivially on the plasma parameters 
and the shock strength. Note that similar comments can be 
made regarding particle acceleration in turbulence, for ex- 
ample as the putative source of CREs in radio halos. 

2.3 Halo— relic connections 

There is still no widely accepted agreement regarding the 
origin of CREs in neither halos (secondary vs. primary 
CREs) nor relics (acceleration vs. reacceleration of primary 
CREs, as so far believed). Nevertheless, so far all models 
agree that the two phenomena involve CREs generated in 
different physical processes. Here we point out several con- 
nections between GHs and relics, indicating that the two 
phenomena are more intimately related than is plausible in a 
framework with different CRE injection mechanisms. These 
connections suggest, as we confirm in §j3j that the CREs in 
halos and relics in fact share a common origin. 

(i) In clusters that harbour both a halo and a relic, a faint 
radio bridge is sometimes observed to connects the two, for 
exam ple in Coma, A2255, and A2744 (jGiovannini fc Ferettil 
l2004h . The spectrum of the bridge is simi lar or somewhat 
steeper than in the hal o and in the relic (|Kim et al.lll989l ; 
IPizzo fc de BruvnllioOfjl : lOrru et al]|2007n . The low surface 
brightness of the radio sources combined with anecdotal ev- 
idence, such as an alignment between t he relic position an d 
the halo elongation axis in A2163 (see IFeretti et ai"1l2004T l. 
suggest that observational limits and projection effects hide 
many such bridges. The origin of the bridges is unknown; 
in present models they would require a fine-tuned spatial 
interpolation between the halo and relic CRE populations. 

(ii) Although relics — and not halos — are thought to be 
generated by shocks, weak shocks were discovered at the 
edges of several GHs. (In fact, so far no relic shock has 
been confirmed, due to the low ambient density). This in- 
cludes confirmed shock s in IE 0657-56 (the bullet clu ster; 
iMarkeyitch et alj|2002j). A5 20 (|Markevitch et alj|2005h and 
A754 llKrivonos et al.ll2003l). and suspected shocks in A665 
llMarkevitch fc Vikhlininl l200ll). Ag219_ (jMillion fc Alter] 



l2009h . and Coma (|Brown fc Rudnickll2010t ). 

Assuming that as these weak shocks travel outward and 
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disconnect from the halo they become relics, further exacer- 
bates the problem in interpreting the two phenomena with 
different CRE injection mechanisms. With the present data, 
this would also require a fine-tuned temporal interpolation 
between the two phenomena. 

Incidentally, notice that while a weak outgoing shock at 
the very edge of a GH is consistent with the secondary 
CRE model (where shock magnetisation is sufficient to gen- 
erate the halo), it is inconsistent with primary CRE mod- 
els: strong turbulen ce is not expected in the shock region 
(|Govoni et alj|2004h . and even if it was, turbulent accelera- 
tion would not be effective immediately behind the shock. 

(iii) A telling and somewhat surprising halo-relic connec- 
tion is the apparent coincidence between the presence of a 
steep spectrum GH in a cluster, and the presence of a nearby 
relic. All six steep GHs discussed in H2.f l eit her have a nearby 
relic (A521, A754, Af300, A2256; see iGiovannini et all 
l2009h . or have an irregular morphology containing a relic-like 
filamentary pr otrusion (filaments West of A697 and South- 
west of A1914; IVenturi et al]|2008l : lBacchi et al.ll2003l ). This 
incidence rate of relics is significantly higher than found 
amongst flat spectrum G Hs: only five (20% ) out o f the 25 flat 
halo clusters reviewed in IGiovannini et all (|2009l ^ harbour a 
relic. As we show in fj5l there appears to be a bimodality in 
the distance of halo-cluster relics: relics in steep GH clusters 
are found at r < 1 Mpc, whereas relics in flat GH clusters 
are more distant. This behaviour is reminiscent — and indi- 
rectly related — to the excessive steepening behind central 
relics mentioned in £|2.2I 

(iv) Halos and relics share many traits. To some ex- 
tent, the observationally-driven classification of diffuse radio 
emission into halos and relics is artificial and blurred, with 
some halos showing relic features and vice versa. 

(a) Halos and relics have a similar spectrum, in partic- 
ular if we restrict ourselves to the central part of the halo 
and the external edge of the relic. Thi s can be seen, for 
example, in the spectral maps o f A2744 (jOrru et al.ll2007l ) 
and A21 63 jFeretti et alj|2004h ■ In the context of present 
halo and relic models, this is a highly peculiar coincidence. 

(b) There are telling exceptions to the polarisation clas- 
sification scheme described in [JT] So far, strong polar- 
isation was d etected in one GH (at a 20%-40% level, 
in A2255: see iGovoni et all (|2005h ; intermediate polari- 
sation, 2 — 7% on average, was fo und in MACS J0717.5 
+3745; see iBonafede etafl (120091') 1 and in one M H (at 
a 10% - 20% level, in A2390: iBacchi et alj|2003 ). Some 
relics show a low pol arisation level, for example ~ 2% 
was reported in A133 (jSlee et al. 200ll) ; however this may 



be an AGN relic (|Kempner et al 



2004). These exceptions 



suggest a continuous distribution of polarisation proper- 
ties among halos and relics. 

(c) Some GHs are irregular, showing a clumpy or fil- 
ament an^jnorphologj^Examples include RXCJ2003.5- 
2323 (iGiacintucci et all 120091 ). A2255, and A2319 
(|Murgia et al.ll2009h . Morphologically, they could be in- 
terpreted as an ensemble of relics, as recently suggested 
for A2255 (|Pizzo et alj|20ich . 

(d) Some GHs show spectral steepening with increas- 
ing radius, resembling that observed in relics. This 
can be seen, for example, in t he spectral maps of 
A665, A2163 llFeretti et all l2004h . A22f9, and A2744 
(|Orru et al.ll2007M . 



(v) A correlat i on has been reported 

IGiovannini fe Ferettil 120041 ') between the total 1.4 GHz 
radio power of relics and the bolometric X-ray luminosity of 
their host clusters, somewhat reminiscent of the radio-X-ray 
correlation found in GHs. Recall that the strong correlation 
observed in halos provi des a strong evidenc e that they arise 
from secondary CREs (|Kushnir et al.ll2009l . KL10). 

The above connections between halos and relics suggest 
that the two phenomena arise from the same population of 
CREs. However, no unified model has been proposed thus 
far for halos and relics. There is evidence, preliminary in 
relics but strong in GHs and in MHs (and so, by proxy, also 
in relics), that secondary CREs are involved. 

In spite of the halo-relic connection, we do not find sig- 
nificant evidence for an enhanced incidence rate of halo/relic 
detection in relic/halo clusters. Fo r example, 11 out of the 
31 (~ 35%) GHs summarised in IGiovannini et all (|2009h 
also harbour at least one r elic, whereas about 7 out of the 
30 (23%) relics reported in IGiovannini fc Ferettil \2004 ) are 
found in halo clusters. These incidence rates are similar 
to the uncondition al halo and relic detec tion rates in X- 
ray bright clusters |Giovannini et alll2002l ). This behaviour 
could arise, for example, if halos are much more long-lived 
than the time scale during which a relic is detectable. A 
careful analysis of the selection effects involved is necessary 
in order to quantify a correlation between the presence of 
halos and relics in a cluster, or the lack thereof. 



3 RELIC AND HALO PHENOMENOLOGY: 
BOTH ARISE FROM THE SAME, 
HOMOGENEOUS CRI DISTRIBUTION 

The preceding discussion, in particular the connections be- 
tween radio halos and relics outlined in £|2 . 3t motivates a 
unified exposition of cluster radio sources. We thus begin 
by showing in Figure Q] a sample of various types of halos 
and relics, presented in the phase space of maximal radio 
brightness ul v vs. coincident X-ray brightness Fx- 

Roughly speaking, vl v is proportional to the product of 
the energy densities of CREs and magnetic fields, whereas 
Fx is proportional to the square of the plasma density. The 
data used to produce this and the following figures were 
extracted from the literature, as summarised in Table [2] 
The data preparation and source selection and classification 
are described below in H3.ll and H3.2I 

Notice the similarity — to order of magnitude, at least 
— in the peak I v values of the relics and halos shown in 
Fig. [1] In particular, the peak brightness of halos and relics 
found in the same cluster appear to be somewhat correlated. 
Could these subtle connections reflect a unified CR origin in 
these clusters? 

We begin answering this question by showing in H3.3I 
that the dimensionless ratio 77 between vl v and Fx provides 
a useful diagnostic of the nonthermal plasma. In GHs, where 
the radio emission is associated with secondary CREs and 
strong magnetic fields, 77 is a direct measure of the local CRI 
fraction (in regions of slowly varying magnetic fields). 

Next, we present in £13.41 evidence for a universal, ra- 
dially rising r)(r) profile in GHs, and reconcile it with pre- 
vious reports of uniform r](r) in some clusters. The scal- 
ing r/(r) oc (n/no)^ 1 we derive indicates that the CRIs 
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Figure 1. Peak v ~ 1.4 GHz radio brightness vl v vs. coincident 0.1-2.4 keV X-ray brightness Fx of radio halos (black disks) and relics. 
The radio-to- X-ray brightness ratio r) = vl v / F x of most halos (all but A2219 found in relic clusters) is somewhat larger than the best fit 
derived for halos by KL10 (in a partly overlapping sample of GHs, mostly residing in non-relic clusters; dashed line with yellow shaded 
band showing the la dispersion). Relics show much higher r); 75% of them lie within —2.2 < log 10 t) < —1.3 (cyan shaded region). Note 
that the classification of the relics in A754 and A2034 is highly uncertain (see 3372}, and A2219 is strongly contaminated by point sources 
(see i)3.1jl ; the bimodality in r) betwee n halos and relics is significant without these three sources. 

Following iGiovannini fc Ferettil j2004h , relics are classified as found in halo clusters (red filled squares), found in double relic systems 
(blue diamonds), found near the first-rank galaxy (brown up-triangles) , circular peripheral relics (orange double arrows), and classical 
elongated relics (magenta five-pointed stars). 

The radio data (vertical error bars) show the values of the two brightness contours bracketing the radio peak in published, ~ 1.4 GHz 
contour maps, and their mean. The X-ray brightness is based on /3-models from the literature. In order to avoid excessive error propagation, 
the Fx (horizontal) error bars reflect the la standard deviation of njj, but not of (3 or r c (see Jj3T}. The /3-model is supplemented by 
some measurements (red empty squares) of Fx (in A2163 and A2744; see ij3 ■ 4. 3D . or an Fx upper limit (in Coma; [Feretti fc Neumann! 
2006). The data used to produce the figure are summarise d in Table [2] 

Also shown is a possible shock region in A2219, reported bv lMillion fc Allen 1 2 009?) , with Fx measured upstream and downstream (green 
right and left triangles), and as inferred from the /3-model (green six-pointed star). 
Inset: particularly bright radio sources. 



are uniformly distributed in GH clusters, even beyond the 
~ 0.5 Mpc scales illuminated by strong magnetic fields. 

Finally, in H3.5l we combine the data of halos and relics, 
and derive a universal rj(n/no) profile extending out to large, 
r > 2 Mpc radii. The data motivate a unified model, in 
which halos and relics both arise from secondary CREs, pro- 
duced from the same homogeneous distribution of primary 
CRIs. This model resolves several of the previous model dis- 
crepancies outlined in Sj2] Addressing the remaining discrep- 
ancies and the spectral properties of relics requires a gener- 
alised model, involving time-dependent CRE injection and 
dynamic magnetic fields, derived in ij4] 



3.1 Data reduction 

For a handful of halo and relic clusters, detailed radio and X- 
ray brightness maps can be found in the literature. In a small 



subset of these clusters, detailed maps of the radio spectrum 
are also available. This includes the GH in A665, and the 
clusters A2163 and A2744 which harbour both a halo and 
a relic. The combination of surface brightness and spectral 
maps provides strong constraints on the radio model and 
on the plasma parameters. We examine and simultaneously 
model the brightness and spectral profiles in these clusters; 
here we focus on the brightness maps of the GHs, and de- 
fer modeling the relics and the spectral variations to 
where the description of time-dependent CRs and magnetic 
fields developed in ijl] is incorporate d. We do not di scuss 
the pu blished radio maps of A 2219 (|Orru et alj l2007h and 
A2255 (|Pizzo fc de Bruvn|[2009l ) , because the halo in A2219 
is strongly conta minated in the ce ntral 300 kpc by a blend 
of radio galaxies |Orru et al.ll2007f ). and the GH in A2255 is 
highly irregular and filamentary, and co uld be identified a s 
an ensemble of relics rather than a halo ijPizzo et al.ll201ol ). 
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Unfortunately, in most clusters, only low resolution con- 
tour maps and the integrated properties of the radio sources 
(power, spectrum, polarisation) are available. We choose to 
examine the surface brightness, rather than the integrated 
luminosity of each source, in order to obtain a local mea- 
sure of the plasma which is less sensitive to background and 
resolution effects. However, the radio sources are diffuse and 
extend over large, sometimes > 1 Mpc scales, thus spanning 
a wide range of surface brightness. In order to have a sim- 
ple, yet well-defined prescription for assigning a brightness 
to each source, we identify it with the position (line of sight) 
of maximal radio brightness. This choice has additional ad- 
vantages. For example, in relics, it is likely that the magnetic 
field is maximal or the projection is most favourable at peak 
radio brightness, simplifying the analysis considerably, as 
discussed in i]3.5.3l and |6] 

For each radio source, we define an uncertainty range 
{l™ ln , I™ ax } of peak radio brightness (vertical error bars in 
Fig. [TJ) such that J™ ln is the value of the brightest contour 
found in the radio map of the source, and I™ ax is the value 
of the next, putative contour (not found in the map). The 
I v value assigned to each source (shown by symbols) is the 
arithmetic mean of these lower and upper limits. This intro- 
duces some nonphysical error; in all cases it is less than a 
factor of 1.5. We use vl v as a measure of the radio brightness 
(as the ordinate in Fig. [TJ because it varies weakly with fre- 
quency when the spectrum is nearly flat, a — — 1. Neverthe- 
less, due to some frequency dependence and for consistency 
with previous work, we only use data in frequencies around 
1.4 GHz (within 15% in v); see Table rj for details. 

Radio relics are often found at large distances from the 
cluster's centre, where the X-ray emission of the cluster be- 
comes too faint to be distinguished from the background. 
Therefore, we compute Fx by extrapolating the bright, cen- 
tral X-ray emission o ut to the radio source position, usin g an 
isothermal /3-model (|Cavaliere fc Fusco-Femianol I1976T ) for 
each cluster taken from the literature. In these models, the 
electron number density varies as a function of radius r ac- 
cording to 



i(r) = n ( 1 + — 

• r 



(3.1) 



where j3, r c and no are the free parameters of the model 
(see Table [2] for individual model references), and r = |r|. 
We identify the X-ray peak as the centre of the cluster. A 
distance range {r m ; n , r ma:c } is assigned to each radio source 
according to the minimal, maximal distance of the J™ m con- 
tour from the cluster's centre. The value r associated with 
each symbol in Fig. [1] is taken as the arithmetic mean of 
these lower and upper limits. 

The /3-model extrapolation introduces inevitable errors, 
as illustrated in Fig. [TJ by comparing the extrapolated and 
the measured values of Fx in a few relics. In nonspheri- 
cal clusters where the /3-model fits poorly, it may produce 
significant errors in Fx- Another source of error is an en- 
hanced brightness observed in several relics, thought to be 
caused by shock compression of the plasma. In such cases, 
the /3-model tends to underestimate the X-ray signal, for 
example in A2163 and A2744 (see Fig. [TJ. To illustrate this 
effect, Fig. [1] also shows (as empty triangles) Fx both up- 
stream and downstream of a suspected shock front in A2219 



(within t he GH and outside th e central, contaminated re- 
gion; see iMillion fe Alien! [20091 ). Nevertheless, the /3-model 
extrapolation errors are much smaller than the three orders 
of magnitude in Fx spanned by the data; in most cases 
where Fx is known, the error is less than a factor of 3. 

We estimate the confidence intervals arising from the 
/3-model uncertainties by adopting the largest propagated 
uncertainty due to any single one of the three parameters 
of the model, no, r c , or /3. As the correlations between the 
uncertainties of these parameter are highly correlated, this 
appears to be the most reliable estimator of the error in 
the absence of covariance matrices. Notice that our estimate 
could be either larger or smaller than the true error. Prop- 
agating all three parameter uncertainties by assuming that 
they are, for example, uncorrelated, would probably spuri- 
ously increase the confidence intervals. 

For consistency with previous work, we use Fx exclu- 
sively in the energy range 0.1-2.4 keV. Emission in this band 
is dominated by thermal bremsstrahlung, and has the ad- 
vantage (for our present purpose) of being weakly depen- 
dent upon temperature T and metallicity Z in the rele- 
vant parameter range. The X-ray emissi vity in these ener- 
gies, calculated usin g the MEKAL model (|Mewe et al.lll985l . 
Il986l; lKaastralll992l ; iLiedahl et alj|l995h in XSPEC v.12.5 
(|Arnaudll996r ). is well-fit by 
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jx[o.i-2A](n,T, Z) -8.6 x 10" 

(3.2) 

where n- x is the electron number density n in units of 
1Q- X cm" 3 , T w = (fcsT/10 keV) with k B being Boltz- 
mann's constant, and Z0.3 is the metallicity in units of 
O.SZq. We use equation (|3.2|l to compute Fx from the /3- 
models, assuming uniform temperature and metallicity in 
each cluster. In this approximation 



Fx(r) =F x ,o(l+-s 



-3/3 



(3.3) 



where the argument f is a two-dimensional angular vector 
with the centre of the cluster at r = 0, r = and 

^ = Tw 1/a) f ^ r -^ (3 - 4) 



3.2 Source selection and classification 

Our sample consists of all the radio relics reported in the lit- 
erature in clusters that satisfy the criteria outlined in £13.11 
and all the halos found in those relic clusters. This corre- 
sponds to all the known diffuse radio sources in clusters 
that (i) harbour a relic; (ii) have a published radio map 
at some frequency in the range 1.2-1.5 GHz; and (Hi) have 
a published X-ray-based /3-model of the cluster. In total, 
our sample consists of 23 relics and 9 halos. These halos 
are all GHs in relic clusters; GHs in non-relic clusters and 
MHs were analysed separately in KL10. In addition, we in- 
clude here the non-relic cluster A2219, where a suspected 
shock is embedded w ithin the GH (source denoted A2219S; 
IMillion fe Allenll2009r i, as mentioned in 33~T1 

Different classification schemes h ave been proposed for 
relics. We follow the classification of iGiovannini fc Ferettil 
|2004l ). which is based solely on the position and morphology 
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(1) 


(2) 


(3) 


(4) 


(5) 




(6) 


(7) 


(8) 


(9) 


(10) 


(11) 


(12) 


Name 


Type 


z 


k B T 


Z 




/3-ref 


V 




Tmax 


jmin 




y-rcl 


A85R1 


RG 


0.056 (F04a) 


5.9+^ (F04a) 


36 +u ' uu 

u " 3D -0.04 


(F04a) 


F04a 


1.4 


444 


451 


8.14 


11.40 


SOI 


A85R2 


RG 


0.056 (F04a) 


5.9±°'i (F04a) 


36+ - 00 


(F04a) 


F04a 


1.4 


483 


488 


8.14 


11.40 


SOI 


A115 


RI 


0.197 (G01) 


5.3±°'l (F04a) 


37+°- 10 


(F04a) 


G01 


1.4 


401 


512 


AAA 


8.89 


G01 


A133 


RG 


0.060 (F04a) 


4.1±g-l (F04a) 


04 o+0.10 


(F04a) 


F04a 


1.4 


42.0 


45.0 


254 


396 


SOI 


A521H 


H 


0.247 (B08) 


4.9±°;« (F04a) 


34+0-20 


(F04a) 


F04a 


1.4 








0.24 


0.48 


D09 


A521R 


RH 


0.247 (B08) 


4.9+° j (F04a) 


34+0 20 
"■°^-0.18 


(F04a) 


F04a 


1.4 


846 


910 


1.92 


3.85 


D09 


A548N 


RC 


0.042 (F04a) 


2.9^°;} (F04a) 


30+ 10 


(F04a) 


F04a 


1.4 


416 


549 


1.33 


2.22 


F06 


A548NW 


RC 


0.042 (F04a) 


2.9t°o \ (F04a) 


30+ - 10 


(F04a) 


F04a 


1.4 


426 


597 


1.33 


2.22 


F06 


A754E 


H 


0.056 (F04a) 


9A±° l (F04a) 


20+ a0 ° 
u ' zu -0.05 


(F04a) 


F04a 


1.5 


61.0 


167 


0.81 


1.62 


B03 


A754W 


RH 


0.056 (F04a) 


9.4±°-g (F04a) 


20+ ' 00 
u - zu -0.O5 


(F04a) 


F04a 


1.5 


578 


709 


0.57 


0.81 


B03 


A1300H 


H 


0.306 (R99) 


6.3+° i (F04a) 


— 




F04a 


1.4 





1.0 


1.89 


3.77 


R99 


A1300R 


RH 


0.306 (R99) 


6.3+° i (F04a) 


— 




F04a 


1.4 


458 


663 


3.77 


6.29 


R99 


A1664 


RC 


0.128 (G01) 


6.8t\i (G01) 


— 




G01 


1.4 


956 


1037 


2.96 


5.92 


G01 


A2034H 


11 


0.151 (F04a) 


6.9±° i (F04a) 


1Q+0- 10 
u - iM -0.07 


(F04a) 


F04a 


1.4 


76.0 


240 


0.65 


0.92 


G09 


A2034R 


RH 


0.151 (F04a) 


6.9±°i (F04a) 


IQ+O- 10 
u - 19 -0.07 


(F04a) 


F04a 


1.4 


404 


518 


0.32 


0.46 


G09 


A2163H 


11 


0.170 (F04a) 


10.3lg;g (F04a) 


u - lo -0.09 


(F04a) 


F04a 


1.4 





231 


2.59 


3.33 


F04b 


A2163R 


RH 


0.170 (F04a) 


10.3i°- 1 (F04a) 


15+0- 10 
u ' io -0.09 


(F04a) 


F04a 


1.4 


1258 


1345 


2.59 


3.33 


F04b 


A2219H 


11 


0.226 (O07) 


9.5±°ot (C06) 


25 +ai ° 
u - zo -0.06 


(WOO) 


F04a 


1.4 





10.0 


55.40 


78.40 


O07 


A2219S 


S 


0.226 (O07) 


9.5± ot (C06) 


25+ ' 10 
u - zo -0.06 


(WOO) 


F04a 


1.4 


430 


430 


0.43 


0.61 


O07 


A2255H 


11 


0.080 (F04a) 


5.5l°J (F04a) 


n 9 o+0.00 
u,z,5 -0.05 


(F04a) 


F04a 


1.2 








1.14 


2.29 


P09 


A2255R 


RH 


0.080 (F04a) 


5.5t° i (F04a) 


n 9 o+0.00 
u - z,3 -0.05 


(F04a) 


F04a 


1.2 


907 


1110 


0.57 


1.14 


P09 


A2256H 


11 


0.046 (F04a) 


6A+° 2 2 (F04a) 


n 99 +0.00 
u ' zz -0.03 


(F04a) 


F04a 


1.4 





219 


0.47 


0.66 


CE06 


A2256R 


RH 


0.046 (F04a) 


6A+° 2 2 (F04a) 


n 99 +0.00 
u - zz -0.03 


(F04a) 


F04a 


1.4 


438 


543 


5.28 


7.47 


CE06 


A2744H 


11 


0.308 (O07) 


8-6±g;| (C06) 


24+ - 00 
u - z4 -0.05 


(A09) 


F04a 


1.4 





140 


1.92 


2.72 


O07 


A2744R 


RH 


0.308 (O07) 


8.6±° A 3 (C06) 


24+ - 00 
u - z4 -0.05 


(A09) 


F04a 


1.4 


1479 


1641 


1.36 


1.92 


O07 


A3376E 


RD 


0.046 (B06) 


4.0+° 2 2 (F04a) 


24+ - 10 
u - z4 -0.08 


(F04a) 


F04a 


1.4 


171 


592 


1.20 


2.50 


B06 


A3376W 


RD 


0.046 (B06) 


4.ot°j (F°4a) 


24+ - 10 
u - z4 -0.08 


(F04a) 


F04a 


1.4 


1352 


1447 


1.20 


2.50 


B06 


A3667NW 


RD 


0.055 (F10) 


5.9toJ (F04a) 


24+ - 00 
UiZ4 -0.05 


(F04a) 


F04a 


1.4 


1986 


2068 


1.98 


2.79 


J04 


A3667SE 


RD 


0.055 (F10) 


5.9+ ,-' 2 (F04a) 


2 I + "' 00 
u ' z4 -0.05 


(F04a) 


F04a 


1.4 


999 


1090 


1.98 


2.79 


J04 


A4038 


RG 


0.026 (F04a) 


2.9+0-'° (F04a) 


3^+0.00 
U - JO -0.05 


(F04a) 


F04a 


1.4 


29.0 


39.0 


46.50 


93.00 


SOI 


ComaH 


H 


0.023 (F04a) 


8.6+° l (F04a) 


27+ - 10 


(F04a) 


V02 


1.4 





10.0 


0.66 


0.70 


K00 


ComaR 


RH 


0.023 (F04a) 


8.6±° : | (F04a) 


27+ - 10 
u ' z ' -0.08 


(F04a) 


V02 


1.5 


2080 


2090 


0.80 


1.00 


G91; BIO 


RXJ1314 


RI 


0.247 (G01) 


8-7±g;S (V02) 






V02 


1.4 


1072 


1121 


6.70 


8.94 


V02 


S573 


RI 


0.014 (F04a) 


1.7±g:| (F04a) 


19+ 010 


(F04a) 


F04a 


1.4 


121 


194 


2.54 


3.81 


S03 



Table 2. Parameters of the radio sources in our sample. 



Columns: (1) source name (composed of the host cluster's name and optional suffix letters designating the source type or position); (2) 
source type: //-halo; /{/-isolated, elongated relic; RH -relic in a halo cluster; i?D-rclic in a double relic cluster; /JC-circular peripheral 
relic; and iJG-relic near the first-rank galaxy; (3) redshift z (with reference); (4) cluster temperature fcgT in keV (with reference); (5) 
cluster metallicity Z in solar units (with reference); (6) reference for the /3-model of the cluster; (7) radio frequency v in GHz; (8) and 
(9) possible distance range r m i n < r < r max between the X-ray peak of the cluster and the radio peak of the source, in kpc; (10) and 
(11) possible range of the peak rad io brightness, I™* n < l v < I™ a x , in units of / xjy ar csec -2 ; and (12) refe r ence for the radio data. 
Reference abbrevi ations: A09 -lAndersson et ah! i2009T l; B03 -iBacchi et al.1 J20031) ; B06 -iBagchi et alj <200d) : B08 - 

Brunetti et"afl <2008h: C06 - ICassano et alj J2006tl ; CE06 -IClarke fc Ensslinl d2006h : D09 -[Pallacasa et~aU feOQtjh ; F 04a - 

Fukazawa et all i2004T); F04b -iFeretti et all \2004); F06 -iFeretti et al.1 hOOS); F10 -iFinoguenov et al.1 1 20101) ; G91 -iGiovannini et al.l 
jl99lh; G0 1 -iGovoni et al.1 fcOOlD; G09 -iGiovannini et al.l feOOSl); J04 -Ijohnston-Hollitj <20q4); K OO- lKim et ail <199C|): O07 - 
lOrru et al. | <2q07l); P09 — iPizzo fc de Bruvnl fcOOfil); R99 -iReid et all <1999h ; S01 - ISlee et al.1 j200j) ; S03 - ISubrahmanvan et"aH 
j2003l ); V02 - IValtchanov et al.l j2002h : W00 - I White! j200oF ! 



of the relic. The relics in our sample are thus divided into 
the following five categories: 

(i) Isolated, classical elongated relics — shown as ma- 
genta five-stars in Fig. [T] 

(ii) Relics in halo-relic systems — red squares; 

(iii) Relics in double relic systems — blue diamonds; 

(iv) Circular peripheral relics — ostensibly, face-on relics; 
shown as orange double arrows because the coincident X-ray 
emission may have been overestimated due to projection; 



(v) Relics near, but not coincident with, the first ranked 
galaxy — brown, filled triangles. 

Due to the lack of coincident X-ray data, our sample 
does not include tw o othe r classes of relics proposed by 
IGiovannini fc Ferettil (|2004l ): relics at a large distance (> 
3 Mpc) from the centre of a cluster, and large-scale fila- 
ments. 

Most of the known relics are found in rich, merger 
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Abell clusters . However, S0573 is a poor cluster that har- 
bours a relic (|Subrahmanvan et al.l [20031 ). and some of the 
relic clusters have a cool core: A115 (classical relic), A85, 
and A133 (both reli c s nea r the first ranked galaxy); see 
iGiovannini fc Ferettil (|2004 l. 

The classification s cheme we adopt , unlik e the scheme 
proposed for example bv lKempner et all (|2004h . avoids com- 
mitting to any specific relic model. This is advantageous, as 
the models have not yet converged. For example, the relics 
in A85, Af 33, and A4038 a re classified here as relics near the 
first rank galaxy, whereas Ivan Weeren et aT] ( 200S ) classify 
them as radio phoenixes, and lKempner et all (|2004h classify 
A133 as an AGN relic. 

Nevertheless, the present classification scheme is by no 
means unambiguous. For exam ple, the northern emission i n 
A2034, coincident with a CF jKempner fc Sarazinl 1200 ll) 
was o riginally identified a s a relic (jKempner fc Sarazinl 
l200ll ; iKempner et"aH 120031 ), and we adopt this classifi- 
cation in Fig. [T] ft was later suggested that the source 
be identified as an irregula r GH, bec ause its centre coin 
cides with the X-ray p eak |Rudnick 
IGiovannini et all I2009T) . However, it seems most 



Lemmermanl [2009 ; 



seems most reason- 
able to identify the source as a (possibly disrupted) MH, 
considering its central position, it s relatively small scale 
(~ 600 kpc; [G lovanmm et al.ll2009h, the evidence for a cool 



core (see discussion in Kempner et al.ll2003T ). and the associ- 
ation with a CF. Such an association has not been reported 
so far for GHs or for relics. (One exception is the CF near the 
GH in A23f9, but this cluster appears to be in an interme- 
diate state between a MH and a GH; see KLfO.) Note that 
a putative relic-CF association would imply the existence of 
a new class of non-shock relics. 

Another example of uncertain source classification is 
A754. The diffuse radio emission here is quite irregular, 
showing two main c omponents with a West-East orientation 
(|Bacchi et alj|2003h , and a confirmed shock at the Eastern 
edg e of the East component dKrivonos et alj|2003h . Follow- 
ing [Kale^&^^rakan^3 (|2009T l. we identify the East com- 
ponent (labeled A754E) as a halo and the West component 
(A754W) as a relic, based mostly on the location of the 
X-ray peak. An op posite interpretation has been given by 
iBacchi et all (|2003f) . who also suggest that the emission may 
be classified as either two halos or two relics. 

Source names are abbreviated as the cluster name with 
suffix letters identifying the source type or location. For ha- 
los, we use suffix H. For relics, we use suffix R if they are 
found in halo clusters, the source's cardinal position initials 
( W for West, NW for Northwest, etc.) in multiple relic 
clusters, and no suffix otherwise. In A85, the (Southwest) 
relic is composed of two disconnected regions, radially sep- 
arated by ~ 50 kpc; we denote them by A85RI and A85R2. 
In A22I9, emission fr om the region suspected as a shock 
l|Million fc Allenll2009l ) is denoted by A22I9S. 



3.3 ICM diagnostic: the ratio 77 between radio and 
X-ray surface brightness 

A useful dimensionless quantity in the study of diffuse emis- 
sion from galaxy clusters is the ratio between the radio and 
the X-ray surface brightness, 



We use (henceforth) radio frequencies v ~ 1.4 GHz and the 
X-ray energy range 0.1-2.4 keV. One advantage of using the 
brightness ratio is that it is not sensitive to errors in esti- 
mating the redshift of the cluster. In most models, it is less 
sensitive than I v is to local variations in density. 

The brightness ratio is particularly useful if the radio 
emissivity j v and the X-ray emissivity jx are either propor- 
tional to each other, or are strongly peaked along the line 
of sight. In such cases, the brightness ratio can be approxi- 
mated by the emissivity ratio 



77(f) ~ r?j(r) 



jx 



(3.6) 



in the densest position r along the line of sight r. The ob- 
served 77(f) distribution around a cluster thus translates, 
approximately, to the emissivity ratio in the plane of the 
cluster's centre, approximately perpendicular to the line of 
sight. 

Note that the arguments r, r of the functions 77, 77, are 
in general two-, three-dimensional vectors. Vector notations 
are omitted where spherical symmetry is assumed. 

The relation between 77, r/j and n can be stated more 
precisely in the context of a density model. The X-ray emis- 
sivity is proportional to the plasma density squared, and 
is approximately independent of other plasma parameters 
(see Equation ((372J) ) , jx(r) oc n 2 . We shall parameterise the 
synchrotron emissivity as 



jV(r) 



(3.7) 



corresponding to an N p oc n" scaling of CRIs in the frame- 
work of a secondary CRE model. The radio-X-ray emissivity 
ratio then scales as 



Vj (r) oc n 1 



(3.8) 



where 7 = a — 1. 

In the /3-model, if we assume that J]j(r) oc n(|r|) 7 ap- 
plies locally with some constant 7 > —2 + (3/3) _ , then 
necessarily also 77(f) oc 7i(|f|) 7 . Note that this property does 
not occur, in general, for more complicated density distri- 
butions. It is useful because it allows us to relate the line- 
of-sight integrated, observed 77 behaviour, to the local 77j-n 
relation. Another benefit of adopting a /3 model is that the 
relevant properties can be expressed as power-law functions 
of the observed X-ray brightness Fx (f) ■ 

Adopting the parametrisation equation (|3.8[) in the con- 
text of a /3-model, we find that 



77(f) oc F x 6 
6/3-1 



(3.9) 



The index 8 depends weakly on /3 in the relevant, 1/2 < /3 < 
1 range, for which 3/5 < S < 3/4. For clusters well fit by 
/3 ~ 2/3, equation (|3.9[) becomes 



77(f) oc F 2 ^ 3 



(3.10) 



(3.5) 



In i]3.4l below we use equation (|3.10[) as a proxy of 7 in 
/3 ~ 2/3 clusters even where the /3-model fails, for example 
in cases where Fx (f) reveals an underlying nonspherical gas 
distribution. 

Notice that in the /3-model, the column density and the 
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projected density are simply related to Fx, through 
A„(r) oc F\ 



■ ■ I 

-16/3-1 



\r\) oc -> F 



F_ 

2/3 



1/3 . 



(3.11) 



where the expressions to the right of the arrows correspond 
to the case /3 = 2/3. 

For steady-state CREs and static magnetic fields, j v is 
proportional to the product of the CRE energy density injec- 
tion rate u e , and the magnetic energy density ub = B 2 /8ir, 
weighted by the CRE cooling parameter ip = —E e ~ 2 dE e /dt. 
CRE cooling is dominated by inverse-Compton scattering 
off CMB photons or by synchrotron emission due to the 
magnetic field. Therefore, tp oc B 2 + B 2 mb , where 



B. 



3.24(1 + zf nG 



(3.12) 



is the putative magnetic field amplitude for which ub 
Ucmb- Combining these relations, we obtain 



B 1 



B 2 + B 2 mb 



(3.13) 



iKushnir et all (|2009l ) have argued that the tight corre- 
lation observed between the radio power P v and the X-ray 
luminosity L x of GH clusters, and the bimodality of the GH 
distribution (|Brunetti et al.l 120071 . and references therein) , 
strongly suggest that the magnetic fields within GHs are 
stron g, B > B cm b (for a different opinion, see lBrunetti et all 
If so, the second factor in equation (|3.13p is approx- 
imately unity, such that the varying magnetisation levels 
among different GHs introduce only little dispersion in the 
P v -Lx correlation. Furthermore, the tight GH correlation 
observed can be reproduced if the CREs are secondary parti- 
cles, produced in hadronic collisions between primary CRIs 
and the ambient plasma. This is most evident if the CRI 
distribution follows the bulk plasma, Ni(Ei) oc n. In such a 
case, Ue(Ee) oc NiU oc n 2 , resulting in a nearly constant r\ 
in B > B cm b regions. Its value provides a direct measure of 
the CRI fraction in the ICM, n ~ Ni(Ei)/n. 

An equivalent, but stronger argument can be made re- 
garding the radio-X-ray correlation in central surface bright- 
ness. The I v -Fx correlation is remarkably tight near the 
centres of halos — both GHs and MHs (see KL10). We il- 
lustrate the GH correlation in Fig. by reproducing Fig. 2 
of KL10, showing n(r) for the halos with pu blished radial 
profi les from both Very L arge Array (VL A; Murgia et al.l 
120091 ) and XMM-Newton |Snowden et all |200ST ). Here we 
plot rj not as a function of r, but rather as a function of 
n(r)/no = (1 + r 2 /r 2 )~ 313 ^ 2 , determined using the cluster /3- 
models summarised in Table 1 of KL10. The nearly identical 
values of r\ found towards the centres (n/no — > 1) of these 
clusters, in regions spanning more than an order of magni- 
tude in density, confirm both the presence of strong magnetic 
fields (B > B cm b) and suggest that ii e (r = 0) oc no- 
It is important to notice that the radio-X-ray correla- 
tions observed in luminosity and in central brightness do 
not imply that an Ni(Ei) oc n scaling must hold through- 
out each halo. A linear correlation between the central CRI 
density AT^o and the central plasma density no must exist 
among different halo clusters in order to reproduce the tight 
Ivfi-Ix,o correlation observed. However, CRI distributions 
that are not proportional to n away from the centre are pos- 
sible, and in fact better reproduce the observed correlations 
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Figure 2. Radial profiles of the r adio-to-X-ray ratio n in GHs 
with overlappin g profiles from VLA jMurgia et al .120091 ) and from 
XMM-Newton jSnowden et al.l2008l , k-corrected) . The data is the 
same as is Fig. 2 of KL10, but here n is plotted as a function of 
n/no (so the distance from the centre of the cluster increases to 
the left). We determine n/no using individual cluster /3-models, 
detailed in Table 1 of KL10. Vertical error b ars are the ltr confi - 
dence intervals of the radio normalisation Iq llMurgia et al .120091) , 
horizontal error bars are the propagated r c uncertainties, and the 
solid lines serve to guide the eye. The best fit r/o of KL10 is shown 
as a horizontal dashed line, embedded in a shaded region showing 
the lcr confidence level. Note that in A2163, r\ scales roughly as 
n -1 (dot dashed red line) down to no/4 densities. 



and morphologies. In particular, one must take into account 
the weakly magnetised region, and the location of the tran- 
sition between the two regimes. Different models for the CRI 
distribution are discussed in £13.4.11 and the luminosity cor- 
relations are revisited in 36] 



3.4 Rising n(r) distribution in GHs: homogeneous 
CRI distribution 

Before comparing (in £|3 . 5 p the values of n in relics and in ha- 
los, it is useful to examine the n(f) distribution within GHs, 
where the X-ray emission is more constrained and the radio 
model is better understood. Distinct ij(r) profiles are pre- 
dicted by different variants of the secondary CRE model, 
depending mainly on the properties of CRI diffusion. Ob- 
servational evidence is now sufficient to distinguish between 
these models. 

After briefly reviewing different CRI distribution mod- 
els (in E|3 .4. 1 p and previous evidence for a rising n(r) profile 
in halos (in ^3.4. 2|) . we analyse the radio and X-ray maps of 
a few well-studied GHs. The method of analysis is presented 
in 33A31 applied to the GHs in A2163, A665 and A2744 in 
H3.4.4H3.4.61 and summarised in H3.4.7I In H3.4.8I we show 
that our results are consistent with previous studies that 
found linear or mildly sublinear radio-X-ray correlations in 
GHs. 



3.4.1 Different n(r) distributions in a secondary CRE 
model 

The distribution of CRIs in a cluster depends on the nature 
of the CR sources, the properties of CR diffusion through 
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the magnetised ICM, the escape of CRIs beyond the virial 
shock, and the mixing of the gas. The most plausible sources 
of cluster CRIs are either super novae (SNe; see KL) or the 
virial shock of the cluster (see iKushnir fc Waxmanl 120091 ; 
iKushnir et"alll2009h : weak shocks are unable to produce the 
flat CRI spectra necessary to explain the radio observations. 
This leads to the following main possibilities: 

(i) Negligible diffusion and mixing: CRIs are mostly due 
to the virial shock and subsequent adiabatic compression. 



Compression leads to Ni(Ei) 



,2/3 



and i]j 



-1/3 



suming an isothermal distribution. Equivalently (see i)3.3p . 
77 oc ji -1 / 3 and 7 = —1/3. Here, Nj(E j,r) is probably pro- 
portional to T(r) l|Kushnir et alj|2009h . 

(ii) Significant escape, unsaturated diffusion and mixing: 
CRIs are mostly produced by SNe, and are distributed 
roughly as the gas, Ni(Ei) oc n, so 77 oc constant (7 = 0); Ni 
could depend on the local temperature T(r) (KL). 

(iii) Saturated diffusion or mixing: CRIs in the halo 
are produced by some combination of SNe and the virial 
shock, and are uniformly distributed throughout the clus- 
ter, Ni(Ei) oc constant, so 77 oc n _1 (7 = —1). 

For brevity, we refer to the these models below as dif- 
ferent diffusion models. The different outcomes of strong 
diffusion and gas mixing are discussed in £16.7.21 

As mentioned in i)3.3l the tight radio-X-ray correla- 
tions observed in the luminosity (P v ~Lx) and in the central 
brightness (/„,o-Fx,o) of halos imply that the central den- 
sity Ni t o of the CRIs is linearly correlated with the central 
plasma density no. These correlations — in particular in lu- 
minosity — are also sensitive to the CRI distribution away 
from the centre. However, the interpretation of the data is 
complicated by effects such as a p ossible temperature de- 
pendence of r)j ()Kushnir et al ] l20og| . although such a depen- 
dence cannot be strong, see KL10) and different scalings of 
the radio and X-ray bright volumes (see KL10). Therefore, 
these correlations, by themselves, do not clearly distinguish 
between the possible CRI distributions outlined above. 

The small, factor ~ 2 dispersion in the correlations also 
does not, by itself, fix the CRI distribution, because the 
different models outlined above entail a similar dispersion, 
as we show below and in Fig. [3] In particular, the small 
dispersion does not necessitate a spatial linear correlation 
between the CRIs and the ambient plasma, Nj(r) o c n(r) , 
as assumed to hold in the models of IKushnir et ail (|2009l ) 
and KL10. 

To see this, consider first the P v -Lx correlation. As- 
suming spherical symmetry, let K v denote the radius out to 
which the halo is observed, and Rb denote the break ra- 
dius where the magnetic field becomes weak (B < B cm b', see 
KL10 for a discussion of the magnetic break). For a CRI dis- 
tribution that does not satisfy Ni oc n, the radio emissivity 
j u does not scale as n 2 inside Rb, so 77^ = vjv/jx ~ Ni/n 
is not uniform. Consequently, the luminosity ratio t\l = 
i>P v /Lx depends on the halo size, introducing some spurious 
dispersion in the P v -Lx correlation. However, this disper- 
sion is not large for the typical outer radii of halos, R v ~ (2— 
4)r c (e.g., iMurgia et"al]|2009l ). even if the CRI distribution 
is flat (i.e. homogeneous). Moreover, beyond Rb, the rapid 
radial decline of j v introduces an additional, B-dependent 
dispersion in the P v -Lx relation for all Ni(r) models, in 
particular for the steeper, Ni oc 71 distributions. As a result, 
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Figure 3. The ratio fj(Rv) between radio power and X-ray lumi- 
nosity from the central, r < R v halo region, assuming an isother- 
mal /3-model with /3 = 2/3, and a B = Boin/no) 1 / 2 magnetic 
scaling. To highlight the dispersion due to R v and Bo (which to- 
gether determine the magnetic break radius Rb), we normalise 
fj to unity as R v — > 0. We assume a power-law CRI distribution 
Ni <x n" , with a = (homogeneous CRIs; dashed curves), 1/2 
(dotted curves), and 1 (CRI density proportional to the plasma 
density n; dot-dashed curves). Shaded, labeled regions correspond 
to a range of central magnetic fields between 1-B cm f, (lower f); 
short dashing) and 10B cm (, (long dashing). The shaded yellow 
region between vertical dotted lines shows the typical halo size 
range. Also shown is the rj(R u ) relation inferred from the ob- 
served Pv-Lx, Lx-Rvir, and R v —R v i r relations (solid black and 
short-dashed brown curves; equation 13.14> ). with two arbitrary 
choices of normalisation (note that the full curve must begin at 
the origin). 



the P v -Lx dispersion introduced by the varying halo sizes 
and magnetisation levels among different clusters is similar 
in the different Ni(r) models outlined above, and is com- 
parable in all cases to the (factor ~ 2) dispersion observed. 
Analogous arguments can be made regarding the dispersion 
in the central brightness correlation. 

To illustrate the Pv-Lx dispersion corresponding to 
the different N(r) models, we show in Fig. [3] the ratio 
fj(Ru) = P v /Lx{< Rv) as a function of halo size and mag- 
netisation level, for different CRI distributions. For simplic- 
ity, we use the same cutoff radius R v for radio and X-ray 
emission, adopt an isothermal /3-model with /3 = 2/3, and 
assume that the magnetic energy density scales linearly with 
that of the plas ma, B 2 oc n. as often inferred from ob - 
servations (e.g., IMurgia et al.|[2009l ; iBonafede et al.ll201ol ). 
The figure shows that for the typical ranges of halo size 
(R/r c ~ 2-4) and central halo magnetic field (Bo/B cm b — 1— 
10), the dispersion is rather similar for the different CRI 
distributions outlined above. 



3.4-2 Previous constraints on r](r) 

Inspection of the azimuthally averaged radial profiles of 77 
in the halos shown in Fig. [5] reveals a substantially differ- 
ent behaviour in each cluster. We ignore the dispersion seen 
in the central value, 770; in an SNe model this could be at- 
tributed to different star formation histories (KL10). The 
radial profile is quite flat (77 ~ n°) in A665 and in A773, 
scales roughly as rC 1 in the centre of A2163 and as n +1 in 
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the centre of A2218, and is irregular in A2319. No univer- 
sal CRI spatial distribution can be identified based solely 
on these radial profiles. The dependence of 77 on the local 
temperature within these clusters was shown to be weak, 
77 oc (T/To) ' 2±0 ' 5 (KL). 

Notice that only one of the GH clusters in the KLfO 
sample — A2163 — harbours a relic. This is also the 
most extended and the most regular amongst the halos (see 
iMurgia et al]|2009h in the figure, suggesting that it may be 
the most representative of the universal CRI distribution, 
if such exists. The profiles in the other halos could be con- 
taminated by asymmetry and irregularities induced by sub- 
structure or regions of low magnetic field (see KL). 

Evidence for a radially rising (i.e. increasing with de- 
clining n/no) 7] profile in some other clusters is inferred, for 
example, from the comparison o f the radio an d X-ra y mor- 
phologies in four GHs studied bv lGovonT et all (120011 ). They 
find that two of these GHs (A2255 and A2744) show a linear 
correlation between radio and X-ray brightness (so 77 oc n°), 
whereas two other GHs (Coma and A2319) show a sublinear 
relation between I v and Fx- Using the large radii scaling 
of the ASC A-based /3-models o f 



'1 « r 



1-6,8 



,2-1/(3/3) 



IFukazawa et all (|2004l ). the results of iGovoni etU] (|200ll ) 
crudely translate to 77 ~ n -0,6 in Coma, and r\ ~ n~ ' 2 in 
A2319. In comparison, the s ublinear I v -Fx relation found 
in A2163 (|Feretti et alj|200lh translates to 77 ~ n~ os . 

Indirect evidence for a radially rising 77 profile stems 
from the different scalings of the integrated luminosi- 
ties P v and Lx wi th the respective radiating volumes. 
ICassano et al] (120071) found that the radio power increases 
rapidly with the halo size, Pi. 4 oc Rt' 2±0 ' 7 . A weaker ra- 
dial dependence is found in X-ra ys, Lx ~ fiy 3 , ac cord- 
ing to the relations Ry ir ~ T ' 6 (|Zhang et alJboOSf ) and 
L x ~ T 2 (|Markevitchlll998l . with X referring, as usual, to 
0.1-2.4 keV). (Here we assumed that the X-rays are inte- 
grated within a radius Rx proportional to the virial radius 
Rvir-) These different scalings could arise, in part, from some 
dependence of j v upon the global parameters of the cluster. 
However, in the absence of evidence for such a global depen- 
dence (see KL10), the results suggest that r]j(r) is monoton- 
ically rising. 

We may combine the above scaling Lx oc R^ L '' 
with the relations R v oc R* 



and P v oc L , - 



pr-1.7 



jCassano et all [20071 ') 
|Kushnir et al.ll2009l . KL10), in order to 
compare the fj(R v ) profile of the different models in Fig.[3]to 
the observed correlations. The f](R v ) profile based on these 
phenomenological relations, 



fj(R„) 



VL 



L X {R V 

Kp,L — 1 



L X {R V ) ' 



1.4 



KR,R 



(3.14) 



is illustrated in Fig.[3]with two different choices of normalisa- 
tion (as solid black and dashed brown curves). These curves 
are quite crude, as the normalisation is arbitrary (it depends 
on the unspecified or uncertain normalisation of the above 
relations), we have not incorporated the substantial dis- 
persions of the underlying phenomenological relations, and 
no dependence of r\j upon global cluster parameters was 
allowed. The combined uncertainty in fj(R v ) is thus suffi- 
ciently large to allow even the Ni oc n scaling (see KL10). 



Nevertheless, the agreement with a homogeneous CRI dis- 
tribution is better, as illustrated by the figure, and favours 
strong magnetic fields. 

More work is necessary in order to resolve the processes 
leading to the statistical brightness and luminosity correla- 
tions observed, if they are to be used to measured the CRI 
distribution. A more direct approach is to study the radio 
and X-ray maps of individual halo clusters. 

S.^.S Evaluating r)(r) in well-studied GHs: method 

In order to investigate the possible existence of a universal 77 
distribution in halos, we analyse the radio profiles of a sam- 
ple of well studied, flat spectrum GHs. As explained in £|3. 1 1 
we select A665, A2163, and A2744, where detailed spectral 
maps are available. The profiles of 77 and a in these clusters 
are presented in Figs. [4HS] below. 

Avoiding the assumption of spherical symmetry when 
possible, we compute the radio profiles along two perpen- 
dicular directions in each cluster, without performing an az- 
imuthal average. We choose these two axes such that they 
intersect at the X-ray peak of the cluster (denoted as r — 0), 
and one of them crosses the relic (in A2163 and A2744) or 
shock (in A665) found in the cluster. (The analysis of these 
relics and shocks is deferred to ij5]) The 77 profiles are shown 
in the bottom panels of Figs. [4HS] the coincident profiles of 
the spectral index qJ;| are shown in the upper panels. The 
orientation examined in each figure is specified in the upper 
right corner box. 

We compute 77 by combining 1.4 GHz or 1.5 GHz radio 
maps with X-ray data from ROSAT (the resulting 77(7-) pro- 
file is shown in each figure as a blue solid curve) and, when 
possible, also from Chandra (black short-dashed curves, with 
orange sha ded band showing the 1 0% X-ray uncertainty es- 
timated bv lMillion fc All en (2009)). In addition, we derive 
somewhat model-dependent 77 profiles, using published j3- 
models to estimate Fx (red long-dashed curves, with pink 
shaded band showing the no uncertainty). M odel parameters 
are ta ke from the ASCA-based analysis of IFukazawa et all 

In order to test the flat, 77 oc n° model (second model 
in H3.4.ip . we plot the central GH fit of KL10, 

1 n -4.4±0.2 in , r\ 

770 = 10 , (3.15) 

as a horizontal dotted line with yellow shaded region showing 
the la dispersion. Although 77 lies within this range in the 
very central parts of A665 and A2163, it exceeds it in their 
outer parts, and throughout A2744. Figs. SHT] show clear 
evidence for rising 77(7-) in A665 and A2163. As the figures 
show, this rise is stronger than the 77 oc n~ 1//3 behaviour 
anticipated from adiabatic CRI evolution with no diffusion 
(first model in H3.4.1I) . 

The data shown in Figs. [41 TTII1 reveal a rapidly radially 
rising 77(7-) profiles in A665 and A2163, and a striking radio 
similarity between A2744 (where the X-ray morphology is 
highly irregular) and A2163 (see H3.4.6|) . This suggests that 
among the three 77(7") models of i ]3.4.1l observations agree 
best with the rjj oc n _1 distribution resulting from homoge- 
neous CRIs (first model in H3.4.1I saturated diffusion). This 
can be tested by comparing the 77(7-) profiles computed from 
the /3-models with the hypothesis 



77 = 7?o(n/no) 1 = 770(1 + r /r c )~ 



(3.16) 
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shown as red long-dotted curves, where we use the measured 
values of 770 = rj(r = 0) for normalisation. 

The model can also be tested more directly, using 
the observed Fx, by utilising the rj-Fx relation in equa- 
tion (13,91) . The three cluste rs at hand are consistent with j3 = 
2/3 (|Fukazawa et al.ll2004) . so we may use equation (|3.10[) . 
whereby the r)j oc n~ x scaling leads to r\ oc F x 2 ^ 3 . The re- 
sulting hypothesis, 

77(7-) = m [F x (r)/F x (0)r 2/3 , (3-17) 

with Fx from ROSAT, is shown in each figure as a blue dot- 
ted curve. Note that although this result uses the /3-model 
scaling of equation (|3.9[) . it is much more realistic than the 
pure /3-model estimate equation (|3,16[) , because it incorpo- 
rates the measured Fx, allowing for asymmetric and non- 
monotonic density profiles, and is independent of r c . 

Equivalently, we plot, as a function of r, the putative 
central 77 value, 770, one would estimate under the 77 oc n -1 
scaling. The corresponding estimate, 



770(7-) =77(r)[fx(r)/iM0)] 2/3 



(3.18) 



based on the ROSAT 77(7-) and Fx(r) profiles, is shown as a 
cyan dot-dashed curve in each figure. 

The data is consistent with the ?7j oc n^ 1 model if the 
77(7-) oc ?7 _1 approximations derived in equations (|3.16l) and 
(|3,17H match the respective 77(7-) profiles observed (i.e. where 
there is agreement between the blue solid and dotted curves, 
or between the red solid and dotted curves), and if the re- 
constructed 770 (r) profile equation (|3. 18[l is flat. 

At large radii, where the magnetic field decays below 
B C mb, we expect the 77 oc n _1 profile to gradually flatten 
(see discussion in KL10). Therefore, in profiles that show 
an 77 oc n~ behaviour at small radii, we plot an additional 
(green dashed) ROSAT-based curve incorporating the effect 
of the finite magnetic field. We assume that the magnetic 
energy density is a fixed fraction of the thermal energy den- 
sity, B 2 oc n, as i nferred from recent studies of cluster mag - 
netic fields (e.g., iMurgia et aT]|2009l ; iBonafede et al.ll201oH . 
We also assume, for simplicity, that the spectrum of CRE 
injection is flat. Combining this with the finite- B formula 
for rjj in equation (|3.13[) and with the n oc F x scaling of 
equation (|3.11[) . we obtain 



n(r;B ) 



Fx(r) 



F x (0)_ 



-2/3 



B(r) 



B(r) 2 + Bl nb 



[£xMl 2/3 



(3.19) 



+ 



This coincides with equation (|3.17p in B 3> B cm i, regions. 

Below we fit the observed 77(7-) profiles using equa- 
tion (|3.19p . thus obtaining estimates of the central mag- 
netic fields Bo- This is possible in A665 and A2163, in which 
strong, B > 30 fj,G magnetic fields provide the best fit. How- 
ever, such estimates are uncertain, mainly because they rely 
heavily on the B 2 oc n scaling. In particular, in the central, 
77 oc n _1 regions, the data only require that B > B cm f,; the 
B 2 oc ?i scaling could be replaced by saturation, for exam- 
ple, to any Bo > B cm b value. The B 2 oc n scaling probably 
does not hold in clusters with asymmetric r/(f) profiles, as 
it would lead to contradicting Bo estimates. An additional 
source of confusion is substructure, which can flatten 77(7-) 



and thus mimic a magnetic cutoff; this would leads to an 
underestimated magnetic field. 



3.44 A2163 

We consider A2163 first, because the GH it harbours 
shows the most regular morphology. The centre of A2163 
is in a state of violent motion, but the temperature map 
is too complicated to admit a dynamical reconstruction 
jMarkevitch fc Vikhlimnll200 ll ). iMaurogordato et all (|2008l ) 
use multi band observations and simulations to suggest a 
recent (~ 0.5 Gyr) merger along the NE-SW (or E-W) axis. 
They identify several subclusters approximately along the 
line connecting the halo's peak with the relic. 

The profiles of 77 and a are shown along the WSW-ENE 
main elongation of the GH, towards the ENE relic, in Fig. 21 
and along the perpendicular NNW-SSE direction in Fig. [5] 

In the central, r < 350 kpc regions (where n > no/4), 
the measured 77 profiles agree with the 77 oc n" 1 model, in all 
four rays probed. Indeed, the measured 77(7*) profiles (solid 
and dashed curves) coincide with the 77 oc n" 1 models (dot- 
ted curves), using both /3-model (red curves) and ROSAT- 
data (blue curves). In addition, the 770 (r) profiles (cyan dot- 
dashed curves) lie entirely within the KL10 estimate. Some 
asymmetry is evident, for example in the better resolved 
Chandra-based curves, and from the more extended 77 oc rC 1 
behaviour towards the West. 

More quantitatively, we may attempt to fit 77 as a power 
law in Fx, along the four rays depicted in Figs.r?]and[5] The 
results depend on the scales examined, due to the apparent 
gradual flattening of 77(7-). Out to r max = 2r c (the minimal 
distance with sufficient data), we obtain 



ri(\r\ < 2r c ) oc F x l 



(3.20) 



which corresponds according to equation (|3.10[) to 7 = 
—0.90 ± 0.03. The gradual flattening can be seen by fitting 
the data out to larger scales, 77(|t-| < 2.5?- c ) oc ir-° 56 ± - 04 
and 77(|r| < 3r c ) oc p-°- ol±0 - 06 _ These results are consistent 
with 77j oc 77," 1 (7 = — 1) at small, r < 2r c distances from the 
centre. The linear regression, employed here and in the halos 
below, uses the radio data points and the interpolated X-ray 
data from ROSAT; measurement errors are not propagated. 

The deviations from t; a n _1 at large radii are proba- 
bly caused by the gradual weakening of the magnetic field, 
falling below B cm i, at large distances. To illustrate this, we 
plot in Figs. [3] and [S] an additional (dashed green) curve, 
showing the ROSAT-based 77 oc n _1 model modified by in- 
corporating a finite, B 2 oc n magnetic field, according to 
equation (|3.19|) , 

A central magnetic field Bo — 7B cm i,(z) ~ 30 /iG pro- 
vides a good fit, as shown in Fig. [5] The Western profile is 
better fit by a stronger magnetic field; Bo = 50 /_tG is used 
in Fig. 21 These values are consistent with the Bo > 20 
lower limit derived for this cluster by KL10 using the az- 
imuthally averaged profile. 

At very large radii where B <C B cm b, the 77 (r) profile of 
equation (|3.19[) flattens to a constant. This leads to a gradual 
flattening of 77(7-), from rj oc rC 1 near the centre to 77(7-) ~ 
constant at large distances. Such a behaviour is seen in the 
azimuthally averaged profile of the cluster in Fig. [2] where 
gradual flattening sets at r > 350 kpc. The flattening is 
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Figure 4. Profiles of the A2163 halo along the WSW-ENE 
line C = {16hl5'20",-6°ll'30"}-{16hl6'23",-6°5'12"}, which 
connects the X-ray peak (r = 0) with the 1.4 GHz brightness 
peak of the ENE relic (at r ~ 1300 kpc). Here we show only the 
GH; the entire halo-relic region is presented later in Fig. 1221 
The Qn'f profile (s olid curve in upper panel) is extracted from 
iFeretti et al, I j2004h . We compute r\ by combining 1.5 GHz VLA 
data jFeretti et al I BoOlf) wi th X-ray data fro m ROSAT PSPC 
(solid blue curve; data from lElbaz et al]|l995h and from Chan- 
dra (black short-dashed cur ve with orange shadin g showing the 
X-ray uncertainty; data from lMillion &: Alle n 2009), a nd wi th the 
ASCA-based isothermal 0-model of iFukazawaet al.l ||2004| . long- 
dashed red curve; shaded pink region shows the 71q uncertainty). 
The radio data is (second order spline) interpolated; data posi- 
tions are marked by red diamonds. The sizes of the radio beams 
are shown as horizontal error bars. 

The 77 profile corresponding to a homogeneous CRI distribu- 
tion is shown based on the ROSAT data (dotted blue curve; 
sec equation l|3,17jl ') and on the /3-model (long dotted red; see 
equation A3. 161) ). These curves are in fairly good agreement with 
the respective 77 profiles measured at |r| < 500 kpc. Equivalcntly, 
the 770 value inferred from the ROSAT data at distance r by 
assuming that iVj(r) ~ constant (dot-dashed cyan; see equa- 
tion JXTHJl), is nearly constant and consistent with the central 
GH average of KL10 (equation l|3.15|l ; dotted horizontal line, with 
lcr uncertainty shaded yellow). A halo model for rj(r < 0), invok- 
ing a homogeneous CRI distribution and a finite magnetic field 
B = Bo(i/no) 1 / 2 , is shown (according to equation 1 13. 1911 ; dashed 
green curve) for a central magnetic field Bo = 50 fiG. Local devi- 
ations in 77 and a arc probably associated with optically detected 
clumps Al, A2 and D, that lie along C (labeled arrows mark 
their approximate central positions; we use the notations of the 
R < 21 R-band magnitude analysis of iMau rogordat o et al 1l200Sl . 
their table 2 and figures 5c, 6). 



somewhat hidden in Figs.[4]and[5]by substructure; optically- 
identified clumps marked in the figures coincide with local 
drops in 77 and a. 

In summary, the GH in A2163 is consistent with homo- 
geneously distributed CRIs and a strong, B > 30 /iG cen- 
tral magnetic field. The nonsymmetric radial decline of the 
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Figure 5. Profiles of the A2163 halo along C = 
{16hl5'54",-6°17'38"}-{16hl5'37",-6°0'17"}, which crosses 
the X-ray peak (r = 0) in an SSE-NNW direction, perpendic- 
ular to the line examined in Fig. [3] Symbols and notations are 
defined in the caption of Fig [4] Local deviations in 77 and a are 
probably associated with optically detected clumps E (centred at 
r = —1260 kpc) a nd G (defined as the clum p between A2 and 
B, see figure 5h of IMaurogordato et alj|2008l) . The halo model is 
shown for Bo = 30 fiG. 



magnetic field probably gives the halo its East-West elon- 
gated structure, and causes the 77 oc n _1 profile to flatten at 
large, r > 350 kpc radii. 



3.4.5 A665 

Next consider A665, which harbours a flat GH. The core 
of A665 appears to be moving South, preceded by a shock 
of Mach number M > 1.8; relativistic CRE accelerated at 
the sho ck were suggested as the origin for the brightest halo 
region jMarkevitch fc Vikhlininll200ll ). The r\ and a profiles 
of A665 are shown along an SW-NE axis in Fig. [S] and 
along the perpendicular, NW-SE direction in Fig. [7] The 
latter is aligned with the main elongation axis of the halo, 
and crosses a Southeast shock. 

The azimuthally averaged r/(r) profile of this cluster, 
shown in Fig. [2] if flat. However, inspection of the non- 
averaged profiles shows good agreement with the 77 oc -nT 1 
hypothesis, towards the NW and the SW, out to the max- 
imal r ~ 400 kpc distances probed. Indeed, the recon- 
structed 770(7" < 0) profiles in both figures lie within the 
KL10 fit (assuming that 77 oc n -1 ; cyan dot-dashed curves). 
The 77 profile towards the East shows a different behaviour, 
but this is dominated by the r ~ 200 kpc SE shock 
(|Markevitch fc Vikhlini"nll200ll ; [Go"voni et alJ|20oH ) and a lo- 
cal feature, possibly due to substructure, r ~ 250 kpc to- 
wards the NE. Therefore, Figs. [S] and [7J and in particular 
the SW ray, are consistent with 77 oc n~ l in relaxed regions. 

More quantitatively, as in A2163, we may attempt to 
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Figure 6. Profiles of Qq'| 
in A665, along the line with coordinates £[{RA,dcc}( J2000)] = 
{8h30 / 37",65°49 / 5"}-{8h31 / 17 // ,65°51 / 23"|. This line crosses 
the X-ray peak (at 0.8 — 4 keV; iGovoni et al.|[2004T ). denoted as 
r = 0, in an SW-NE orientation, perpendicular to the main halo 
elongation, with r increasing towards the NE (labeled arrow). 
The \ profile (s olid curve in upper panel) is extracted from 
IFeretti et al.l i2004 ) . We compute r\ by combining 1.4 GHz VLA 
data jvacca et a" l20ld . for a 25" X 25" beam) with X-ray 
data from ROSAT HRI llGomez et alj |2000| . yielding the solid 
blue curve) or from the ASCA-based isothermal /3-model of 
Fukazawa et al. I j2004 long-dashed red curve; shaded pink region 
shows the rig uncertainty). The sizes of the radio beams are shown 
as horizontal error bars. 

The r/ profile corresponding to a homogeneous CRI distribu- 
tion is shown based on the ROSAT data (dotted blue curve; see 
equation 1 13. 17t ) and on the /3-modcl (long dotted red; see equa- 
tion A3. 16E 'i . These curves are in fairly good agreement with the 
respective r\ profiles measured at r < and at < r < 250 kpc. 
Equivalcntly, the 770 value inferred from the ROSAT data at dis- 
tance r by assuming that iVi(r) ~ constant (dot-dashed cyan; see 
equation <3.18t ). is nearly constant and consistent with the cen- 
tral GH average of KL10 (equation 113. 1511 ; dotted horizontal line, 
with la- uncertainty shaded yellow). 

A halo model for 77(7- < 0), invoking a homogeneous CRI distri- 
bution and a finite magnetic field B = Boin/no) 1 ^ 2 , is shown 
(according to equation A3. 1911 ; dashed green curve) for a central 
magnetic field Bq = 30 fiG. 



fit 77 as a power law in Fx, along the four rays depicted 
in Figs, [fa] and [7] The results again depend on the scales 
examined, due to the apparent gradual flattening of r](r). 
Out to r max = 2r c (the maximal distance with available 
data), we obtain r/(\r\ < 2r c ) oc F^°' 5±0 - 1 . This result is 
affected by the local features to the East. If we consider 
only the two Western rays, we obtain r\{—2r c < r < 0) oc 
F^°' 56±0 ' 08 , which corresponds according to equation (13.10|) 
to 7 = —0.84 ± 0.13. The gradual flattening can be seen by 
fitting the data out to smaller scales, for example f)(\r\ < 
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Figure 7. Profiles in A665 along C = {8h30'35", 65°55'35"}- 
{8h31'7", 65°48'17"}. This line crosses the X-ray peak and is 
oriented in the SE-NW direction, along the main halo elongation, 
perpendicular to the line shown in Fig . \E\ It partly overlaps the 
green line examined by IFeretti et al.1 | |2004| . their figure 3, top 
panel). Most symbols and notations are defined in Fig. [6] The 
vertical, gray shad ed region correspon ds to the kgT ^ 13 keV 
temperature peak llGov oni et alj|2004l) . identified as a shock by 
iMarkevitch fc Vikhlininl (|200lf) . Our model (dashed green) as- 
sumes Bo = 30 fiG and the shock parameters in Table \3\ (see 
& 



1.5r c ) oc F x 

7?(-1.5r c < r < 0) oc Fj{ ^±^ _ (3 21) 

which corresponds to 7 = —0.95 ± 0.04. These results are 
again consistent with rjj oc n -1 at small, r < 2r c distances 
from the centre. 

As the figures show, the X-ray morphology is asymmet- 
ric and poorly fit by the /3-model, and the radio and X-ray 
morphologies differ. Combined with the shock and possible 
substructure to the East, this leads to asymmetric 77 profiles 
and an off-centred r\ minimum in Fig. H5] Consequently, the 
flatness of the azimuthally averaged 77 profile is misleading, 
and does not represent the local distribution. It certainly 
does not imply a uniform r\(f) profile, which is inconsistent 
with the detailed data. 

The B 2 oc n model fits the Southwest profile, provided 
that B > 30 /jG (Fig. g] shows the B = 40 /iG case). This 
is consistent with the B > 17 /iG lower limit of KL10, but 
greatl y exceeds the best fit Bo = 1.3 /jG of IVacca et al.l 
(2010); both estimates are inaccurate as they rely on the az- 
imuthally averaged profile. Moreover, the latter estimate was 
derived under the assumption of primary CREs at equipar- 
tition with the magnetic field. The shortcomings of such a 
model were discussed in KL10; note that a strong magnetic 
field that sat urates ,7V would pro vide a better fit for the ra- 
dial profile in lVacca et al.l (|2010l . figure 2, at small radii). 

To conclude, A665, like A2163, is consistent with homo- 
geneous CRIs and strong, Bo > 30 /jG magnetic fields, but 
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Figure 8. Profiles of the A2744 halo along an SW-NE line 
C = {00hl4'9",-30 o 26'3"}-{00hl4'44",-30°17'58"}, which 
connects the peak 1.4 GHz brightness of the halo (r = 0) and 
of the (r ~ 1600 kpc, northeast) relic. Here we focus on the halo. 
Most symbols a nd notation s are d efined in Figs.|4]and|6] The ra- 
dio data is from lOrru et al.l l|2007f ). The a uncertainty is shown as 
a cyan shaded region. The ROSAT data is from the PSPC image, 
background subtracted and smoothed on 30", i.e. 135 kpc scales. 



the corresponding 77 oc n^ 1 is observed only in the more re- 
laxed regions towards the West. The 77 profile is dominated 
in the East by a shock and possible substructure, leading to 
a misleadingly flat azimuthally averaged rj(r) profile. Dis- 
cussion of the shock-associated steepening and elevated 77 
shown in Fig. [7] are deferred to ij5] 



8.4.6 A2744 

The rich, hot, and X-ray luminous cluster A2744 appears 
to be going through a major, ~ 3 : 1 merger in the north- 
south direction nearly along the line of sight, probab ly just 
finishing the first core passage (|Boschin et alJIioOol whose 
analysis does not include the Northeast relic region). 

The 77 and a profiles of A2744 are shown along an SW- 
NE axis in Fig. [8j and along the perpendicular, SE-NW 
axis in Fig. [5] The former crosses the radio relic, found r ~ 
1600 kpc towards the NE. 

A l inear I u —Fx correla tion has been reported in this 
cluster |Govoni et al.l [200 ll ). In X-rays, the cluster shows 
unusual structure, with ridges extending in four directions 
(ridges A-D) out to 270-540 kpc distances, and two cool 
cores. The combined radio, optical and X-ray data suggests 
a major merger of mass ratio ~ 1, currently at closest ap- 
proach (|Kempner fc Davidll2004l '). 

In accordance, the 77 profiles shown in Figs. [8j and [9] are 
quite different than found in A665 and A2163. The central 
values of 77 are much higher — by almost an order of mag- 
nitude — than found in the GH sample of KL10. The 77 
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Figure 9. Profiles of the A2744 halo along an SE-NW line 
C = {00hl4'29",-30°26'12"}-{00hl4'10",-30°20 / 49"}, per- 
pendicular to the line examined in Fig. [8] Symbols and notations 
are defined in Figs. [J] U] and [5] The appro ximate position of the 
northwest clump l lKenipner fc Da vid 2001) is shown as a vertical, 
magenta dashed line. 



profiles based on data from ROSAT and Chandra are highly 
asymmetric, initially rising towards the South but declining 
towards the North. 

This peculiar 77 distribution mostly reflects the irregu- 
lar X-ray morphology, rather than an unusual radio signal, 
and so does not indicate an irregular CRI distribution. In- 
deed, the radio morphology is regular, and strongly resem- 
bles other GHs such as A2163. This can be seen for example 
by examining the 77 profiles computed using the /3-model, 
as they are less sensitive to X-ray irregularities. These pro- 
files are symmetric and radially rising out to ~ 400 kpc, 
except near the Southeast cool core. Note that the NW pro- 
file agrees well wi th the 77 oc n -1 m o del, o ut to the NW 
clump reported bv lKempner fc Davidl (|2004l ). 

To demonstrate the similarity between the radio mor- 
phology of A2744 and other GHs, we compare in Fig. HOI the 
normalised radio profiles extracted from the SW-NE cut in 
A2744 (£ as in Fig. [5J and from the South-North cut in 
A2163 (C as in Fig. [5}. In order to highlight the similarity 
between the profiles, in A2163 we normalise the radius r by 
r c , but in A2744 we normalise it by 0.6r c . The rescaled pro- 
files are in good agreement with each other. Note that I v is 
well fit by a Gaussian. 

Overall, the rising /3-model 77(7-) profiles, the 77 ~ rC 1 
behaviour towards the NW, and the resemblance of the ra- 
dio morphology to A2163, in which the more relaxed X-ray 
emission reveals an 77 oc n _1 behaviour, suggest that the CRI 
distribution in A2744 is homogeneous, too. However, due to 
the irregular X-ray emission, the measured 77 profile is effec- 
tively flat on intermediate (> 200 kpc) scales. This is consis- 
tent w ith the huge, r c ~ 640 kpc core fou nd bvlGovoni et al. 
(|200ll ), largely due to the X-ray ridges (jKempner fc Davidl 



© 2010 RAS, MNRAS 000, [T^?? 



Relics and Halos: homogeneous CRIs, evolving magnetic fields 19 




r/r* 

Figure 10. Normalised 1.4 GHz radio profiles of A2163 (r in- 
creasing from South to North; C and references as in Fig. [5] black 
diamonds) and A2744 (Southwest to Northeast; as in Fig. [8] red 
circles). In A2163, the distance r from the X-ray centre is nor- 
malised to r* = r c . In A2744, we use r* = 157 kpc ~ 0.6r c , in 
order to highlight the similarity t o A2163. (The r c valu es are 
taken from the ASCA analysis of iFukazawa et al.l d2004h , b ut 
in A2744 the fit is problematic; see iKempner fc Davidl l2004) .) 
The ROSAT-based model for A2163 shown in Fig. \S\ (with 
Bo = 30 /J.G), is reproduced here (dashed green curve; devia- 
tions beyond 3r c are associated with bright X-ray clumps). The 
rescaled profiles resemble each other, and are well fit by the Gaus- 
sian I v = I VQ exp[— 0.17(r/r c ) 2 ] (dot-dashed). The Gaussian be- 
haviour is not due to beam smoothing (0.8r c FWHM in A2163); 
e.g., the perpendicular profiles are not well fit by a Gaussian. 

120041 ). As in A665, azimuthal averaging in A2744 hides im- 
portant features of the r\ profile, and can be misleading. 

The combination of regular radio but irregular X-ray 
emission is consistent with homogeneous CRIs, whereby 
j u oc n 1 , because the X-ray emissivity jx oc n 2 is more 
sensitive to inhomogeneities. 

Although the radio morphology is regular and resembles 
other GHs, it is brighter than average. This suggests a CRI 
fraction much higher than in other GHs, about an order of 
magnitude above the estimate of KL10; some of the elevated 
rjo may arise, however, from a diminished X-ray peak due to 
the ongoing merger. 

3.4-7 Conclusion: homogeneous CRI distribution in halos 

To conclude, direct and indirect observational evidence in- 
dicates that in a fair fraction of halos, the radial decline of 
I v is slower than the radial decline of Fx, such that the 
azimuthally averaged 77(7") profile is rising. 

In other clusters, a constant n(r) profile was reported. 
However, a detailed morphological analysis of the three ha- 
los for which good data is available — A2163 (where r/(r) 
is monotonically rising), A665 and A2744 (a flat 77 was re- 
ported in both) — reveals a rising r/(r) profile, away from 
shocks and substructure, in all cases. 

In their central ~ 400 kpc, the data in all three clusters 
are consistent with j u oc n, such that rjj oc n _1 (7 = —1). 
This behaviour manifests as an 77 oc F x 2 ^ 3 scaling (cf. equa- 
tion (|3.9|) - (|3.11[) ). or equivalently l v oc F x 3 , in the relaxed 
regions where the X-ray emission is regular. At large radii, 
the measured 77 profiles gradually flatten with increasing r. 

More quantitatively, we may attempt to fit 77 as a power 



law in Fx, along the different rays in A665 and A2163 de- 
picted in Figs. |4}{7] The results depend weakly on the scales 
examined, due to the gradual rj(r) flattening. Combining the 
data out to r ma x = 2r c , we obtain 

77(|r| < 2r c ) oc F ^- 5i±0M . (3.22) 

This translates to 7 = —0.8 ± 0.1, and is consistent with 
r\j oc n -1 at smaller radii, in particular in regular X-ray re- 
gions; see equations (|3.20p and (|3.21l) . The linear regression 
leading to equation (|3.22[) utilises four rays in each clus- 
ter, using the radio data points and the interpolated X-ray 
data from ROSAT. We have not included A2744 in the fit 
because, due to its irregular X-ray morphology, r\(r) is not 
symmetric about r — and is not monotonic in r, so the 
slope strongly depends on r max . Note that we have not in- 
cluded the observational uncertainties in the regression, so 
the confidence intervals are underestimated. 

The j v oc n, or 7 = — 1 behaviour we find at small radii 
is expected if (i) diffusion is saturated, such that the CRI 
distribution is homogeneous, i.e. 2Vi(r) ~ constant; and (ii) 
the central magnetic field is strong, B > B cm t- The two 
alternative models outlined in £13.4.11 where the diffusion is 
less effective and 7 = or —1/3, can be ruled out in the 
three halos examined above for all plausible magnetic field 
configurations. 

The flattening of n(r) at large radii, observed in A665, 
A2163, and possibly also in A2744, can be explained as aris- 
ing from a gradual decline in B, leading to a transition from 
the strongly to the weakly magnetised regime B < B cm ^ at 
large radii. In particular, an 77., ~ NiB 2 /n ~ constant profile 
arises in low magnetised regions if the magnetic energy den- 
sity is proportional to that of the plasma, B 2 oc n, as inferred 
from observations in some clusters (e.g., iBonafede et al.l 
|2010|) . 

Our findings suggest that the distribution of CRIs is 
universally homogeneous in GHs, although a larger sample 
is required in order to test the ubiquity of this behaviour. As 
the flattening of 77(7-) can be explained by magnetic decline, 
and local drops seen in 77 are associated with clumps, we do 
not identify any clear radial cutoff in the CRI distribution. 

How extended is this distribution? Does it reach the 
outskirts of clusters? And if so, does it play a role in the pe- 
ripheral radio emission? These issues are addressed in i]3.5l 

3.4.8 Reconciling the central I v oc F x 3 behaviour with 
averaged, linear or mildly sublinear correlations 

How can the j v oc n emissivity we infer from the data, man- 

1/3 

ifesting as an I v oc F x correlation, be reconciled with the 
linear or mildly sublinear radio-X-ray correlations reported 
previously, for several clusters? In such studies, azimuthal 
averaging or binning the cluster's map s onto a grid led to 
correlations in the range l v oc ^?- 6,1 -°l (jGovoni et alJlioOll ; 
iFeretti et ai1l200ll , and KL10). 

This includes, in particular, all three halos in which 
a close inspection of the radio and X-ray maps indicates 
that j v oc n in the central regions, as shown above. In- 
deed, binning the data of these clusters, radially or onto 
a grid, leads to a linear I v -Fx c orrelation (J„ oc p^ 99±0 - 05 
in A2744; see lGovoni et al]|200ll ). a mildly sublinear co rre- 
lation (/„ oc J?°- 64±0 05 in A2163; see lFeretti et~aT1l200ll ), or 
an 77(f) ~ constant profile (in A665; see KL10 and Fig. [2}. 
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In these three clusters, we find that the I v oc F x 3 (or 
equivalently 77 oc F x 2/3 ) behaviour near the centre is hidden 
from such averaging schemes, by a combination of substruc- 
ture, an irregular X-ray morphology, asymmetry, contami- 
nations, shocks, and weak magnetisation outside the core. 
Due to these effects, averaging the data, in particular when 
cutting the map into equal area bins, smears out the central 
I v oc F x 3 profile. 

The averaging process tends to flatten the radial decline 
of Fx (e.g., due to substructure in A2744) and steepen the 
radial decline of the radio signal (e.g., due to radio asym- 
metry in A665) . Inside the core, the X-ray brightness varies 

1/3 

slowly with r, so the distinction between an F x profile and 
an F x profile is small. Outside the core, due to the decline in 
B below B cm t, the radio profile steepens, leading to a linear 
I v oc Fx correlation. The averaging process typically weighs 
the data by area, thus emphasising the peripheral regions, 
where the radio-X-ray relation is indeed linear. 

A Combination of these effects effectively masks the 

1/3 

I v oc F x behaviour in the centre. It can still be identi- 
fied by examining the 77 profile along the symmetry axis of 
the halo, in particular in large, regular halos such as A21 63, 
avoiding substructure, point sources and other contamina- 
tions, and refraining from any averaging process. 

We predict that when analysed carefully, along these 

1/3 

lines, most GHs would reveal an I v oc F x profile in their 
centre, indicative of a homogeneous CRI distribution. Note 
that in a subset of GHs, in particular small or faint halos, a 
homogeneous CRI distribution can produce a linear I„ oc Fx 
profile even in the centre. This is expected if the magnetic 
field is weak such that B < B cm b at small radii. 

3.5 Universal 77 profile among halos and relics: the 
same, homogeneous CRI origin 

We have reviewed several connections between halos and 
relics in Sj2] and argued in £l3.3l that the radio-X-ray bright- 
ness ratio 77 = vI v jFx provides a useful diagnostic of the 
nonthermal plasma components. We now attempt a unified 
exposition of halos and relics, and plot their 77 values in 
Figs. [TT] and [12] 

The figures show the n value of each source, at its peak 
radio brightness, as explained in H3.1 I Choosing the radio 
peaks is motivated in part by their possible association with 
magnetic field maxima. When the magnetic field amplitude 
exceeds B cm b, r\ oc B 2 /(B 2 + B 2 mb ) depends weakly on B, 
and so may be used to measure the CREs. 

We compute n by combining published radio contour 
maps with /3-models of the X-ray emission, as explained 
in H3.1 I In Fig. [TTJ we plot 77 against the distance r from 
the cluster's centre. In Fig. 1121 like in Fig. [2] we plot it 
against the fractional density drop from the centre, n/no — 
(1 + r 2 /rly 313/2 . In both figures, sources found in the same 
cluster are connected by lines. The GH fit of KL10, equa- 
tion (13. 15|) . is shown for reference (horizontal dotted line 
surrounded by a lcr yellow shaded band). 

3.5.1 Measuring 77 oc (n/no) 7 profiles 

Comparing Figs. [TTJ and [12] suggests that in relics, n may be 
better described as a function of n/no, rather than as a func- 
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Figure 11. Ratio n between peak radio and coincident X-ray 
brightness in relics and halos, as a function of their distance r 
from the centre of the cluster. Source symbols arc defined in Fig.[JJ 
Different sources in the same cluster are connected by lines (solid 
blue in double relic systems; dashed red in halo-relic systems). 
Error bars are shown both with and without propagating the n2 
(but not r c or /3) uncertainty of the /3-model. The fit of KL10 for 
a sample of GHs is also shown, for reference (equation 113.151 1; hor- 
izontal dotted line with yellow band showing the lcr dispersion). 



tion of r. Particulary striking is the alignment of the lines 
(connecting sources found in the same cluster) in Fig. 1121 
indicating that a power law 77 oc (n/no) 7 may roughly agree 
with all sources. Therefore, let us focus on the phase space 
of 77 and (n/no), shown in Fig. 1121 

Consider first the GHs (black disks in the two figures). 
The very high value of 77 in A2219 is due to conf usion with a 
blend of radio sources at the centre of the cluster (|Orru et alj 
120071 ). and should be disregarded here. The remaining nine 
halos show highly clustered 77 values, as found by KL10. The 
present sample shows 77 somewhat higher than found in the 
KL10 sample, and is best fit by 770 = l(T 3 - 9±0 ' 4 . The dis- 
persion is dominated by intrinsic scatter among the halos, 
needed to obtain an acceptable fit (defined here as \ 2 /N = 1 
with N being the number of degrees of freedom); measure- 
ment errors are not propagated (henceforth). If we include 
the four additional GHs in KL10 (A665, A773, A2218 and 
A2319), the combined fit is slightly lowered, 

770 = 10- 41±0 - 4 , (3.23) 

but is still somewhat higher than the KL10 estimate. This 
range is shown in Fig. [T^] as a pink shaded rectangle. 

The relics show values of 77 much higher than found in 
the halos. As noted in the beginning of fj3] the relics tend 
to have a peak radio brightness roughly similar to that of 
the halos. To illustrate this, Fig. [T2] shows an I v — constant 
curve, 

n(I v = const.) = 770 (n/n ) " 3/2 (3.24) 

(long dot-dashed gray), computed for a characteristic f3 = 
2/3 cluster, with 770 fixed using equation (|3.23|l . 

The relic distribution in Fig. [12] shows a correlation, 
albeit with considerable scatter, between 77 and n/no: more 
peripheral relics, found in low density regions, tend to have 
higher 77. The best fit for all classical relics, i.e. excluding 



© 2010 RAS, MNRAS 000, [TJ-?? 



Relics and Halos: homogeneous CRIs, evolving magnetic fields 21 




Log m (n/n ) 

Figure 12. Radio peak to X-ray brightness ratio r\ of halos and relics, as a function of the /3-model ratio between local projected and 
central density, n/no = (1 + r 2 /r 2 ) -3 ' 3 / 2 . Symbols are defined in Figs. Ill and llf I Linear fits are shown for the halos (equation 1 13. 23t ; pink 
rectangle) and for the relics (excluding circular peripheral relics, relics near the first-rank galaxy, and uncertain relics; equation 113. 2511 ; 
dot-dashed line with green shaded band). Also shown, for illustration, are a line of constant radio brightness (equation 113. 2411 ; long 
dot-dashed, brown) and antjoc n~ line corresponding to adiabatic compression (long dashed, gray). Double error bars are shown for 
each source, with and without the /3-model uncertainties (see i]3.1l l. 



the circular peripheral relics (suspected of projection), relics 
near the first rank galaxy (suspected of contamination), and 
the uncertain relics in A754 and A2034, is 

, o +0.4 . , +0.3 

T] = KT 3 - - 7 (n/n ) . (3.25) 

This is shown in Fig. [12] as a dot-dashed line, surrounded 
by a shaded green band marking the la dispersion. If we 
include the circular peripheral relics in the fit, it becomes 
T) = 10~ 2 ' 9 -o3(n/n )" ' 8±0 ' 2 . Overall, these results show 
that the relic data are consistent with 7=1, although their 
scatter is substantial and source selection effects can distort 
the slope. 

More than half of the clusters shown in Figs. [11] and 
1121 harbour two radio sources, in most cases a relic and a 
halo. We highlight these clusters by connecting such pairs 
of sources with a line (solid blue between relics; dashed red 
between a halo and a relic). These lines are seen to be more 
or less parallel to each other in the log ry-log (n/no) plane, 
strongly suggesting that the n distribution within each clus- 
ter — and not only within halos, say — is universal. 

The slope of these lines provides a direct estimate of 
7 = dlogn/dlogn. Such an estimate is more constraining 
than the profiles deduced by combining sources from differ- 
ent clusters, such as the relics fit of equation (|3.25[) . because 
any scatter that arises from normalisation factors which de- 
pend on global cluster parameters, cancels out. 

The best fit for the slope of all lines shown in Fig. 1121 



combined, is somewhat steeper than found among relics, 

7 Unea = -1.7±0.2 . (3.26) 

This results is dominated by the more numerous (nine) halo- 
relic pairs, for which 

7halo-relic = -1.7±0.3 . (3.27) 

The slope is more accurately measured for distant relics. If 
we consider only the six halo-relic pairs in which the relic 
is peripheral, residing where n < O.lno, and thus exclude 
A2034 and A754 (where the relic identification is uncertain 
anyway) and A2256, we obtain 

7haio-reiic(n < 0.1n ) = -1.6 ± 0.2 . (3.28) 

If we consider only the (two) pairs of relics, we obtain a 
shallower slope, 

7relic-relic = -1.4±0.1 , (3.29) 

which agrees with the slope of the relics fit in equa- 
tion (|3.25p . We have not included the observational uncer- 
tainties in fitting the line slopes, so the confidence intervals 
in equations (|3.26|) - (|3.29|) are somewhat underestimated. 

3.5.2 Universal n(n/no) profile 

The above analysis reveals an apparently universal, mono- 
tonically radially rising n(n/no) profile, involving the radio 
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peaks of different types of diffuse radio sources in different 
types of clusters. This is seen in the alignment of the differ- 
ent halos and relics shown in Fig. 1121 and in particular in 
the parallel lines connecting multiple sources found in the 
same cluster. This universal n profile can be thought of as 
an (unexpected) extension of the n ~ profile derived 
within halos (in £|3.4[) to large scales, connecting the centres 
of halo clusters to the peripheral relic peaks. 

Approximately the same 77(71/710) profile is found in all 
clusters with diffuse radio emission, whether a halo, a relic, 
or both. In particular, the halos lie close - although not ex- 
actly - along the pure power- law 77 oc (n/no) 7 profile extrap- 
olated from relics alone, as seen for example by comparing 
equations (|3.25[) and (|3.23|) (green band and pink rectangle 
in Fig. I12p . Different types of relics share the same 77 pro- 
file, including some peripheral spherical relics (in particular 
if projection effects are possible) and possibly some relics 
found near the first rank galaxy. 

Inspection of the 77(71/710) distribution of relics in equa- 
tions (|3.25[) and (|3.29l) . and the slope of 77 between relics and 
halos in equations (|3.27I) - (I3.28|) . suggests that a universal 77 
profile would not be a pure power-law, appearing somewhat 
steeper between halos and relics. Using the parametrisation 
77 oc (n/no) 7 , this corresponds to a nonconstant 7, which 
varies in the range 7 = —(1.0-1.7) among the different types 
of sources. This variation is nevertheless quite small, consid- 
ering that the sources span more than two orders of magni- 
tude in density (and more than that in n). 

Moreover, the steepening of 77 between halos and relics 
may be due in part to systematic errors caused by our re- 
liance on /3-models to estimate the X-ray brightness. Recall 
that the /3-model tends to underestimate the X-ray emission 
from relics, partly because it does not account for the local 
X-ray enhancement associated with shock compression, and 
partly because relics tend to lie along the more elongated X- 
ray axis (at least in A2163 and A2744). In reality, then, the 
n values of relics are probably somewhat lower than they ap- 
pear in Figs. 1111 and ll2l Such a bias does not occur in halos, 
so improved X-ray modeling should show somewhat better 
agreement of all sources with a pure power law, 7 ~ — 1. 

The universal 77 (n/no) profile of radio peaks is found in 
both rich and poor (S0573) clusters, and in both cool core 
(see KL10) and merger states. The properties of the CREs 
and magnetic fields giving rise to the synchrotron radiation 
must therefore be robust. They should either be closely re- 
lated to the thermal X-ray emission, or be saturated as to 
have little effect on the observed signal. This is the case in 
halos, where the CREs arise from a CRI population which 
has a universal energy fraction with respect to the thermal 
plasma with little scatter among different clusters, and the 
magneti c fields are sufficien tly strong to saturate the cool- 
ing (see lKushnir et al"1l2009l . and KL10). But what sets the 
universal profile of relics? 

Moreover, as mentioned above, the n profiles among ha- 
los, among relics, and within halos appears to be continuous, 
and therefore, tightly related. If relic emission arises from 
primary CREs, accelerated or reaccelerated in a shock, why 
does the extrapolated 77 profile of relics agree so well with 



halos, in which CREs are thought to be secondaries This 
provides yet another connection between halos and relics, to 
be added to the list of such connections outlined in H2.3I in 
present relic models, these are mere coincidences. 

3.5.3 Secondary CREs and strong magnetic fields in relics 

A clue to the origin of the relic CREs stems from the halo 
model of £13.41 and by noting that the n profile inferred in 
relics is close — in both slope (7 ~ — 1, so nn ~ constant) 
and normalisation — to the 77 profile extrapolated from 
the emission within GHs. In GHs, the 7 = — 1 slope in- 
ferred from the data is a natural consequence of saturated 
CRI diffusion. This leads to a homogeneous, Ni oc constant 
profile, such that the injection rate of CREs produced in 
hadronic collisions between the CRIs and the ambient gas 
scales as N e oc n. As long as the magnetic field is sufficiently 
strong to saturate CRE cooling, B > B cm b, this ensures that 
nrij oc N e /n ~ constant. 

It is natural to assume, if diffusion is indeed saturated 
in halos, and as we find no evidence for a deviation from 
Ni ~ constant out to r ~ 400 kpc radii in the GHs examined 
in i)3.4l that the homogeneous CRI distribution extends out 
to r > Mpc distances. Extrapolating the nn value of halos 
to large distances provides a good, although somewhat low, 
fit to the relics as well. Therefore, we propose that relics 
are synchrotron emission from secondary CREs, produced 
by the same homogeneous CRI population that gives rise to 
halos. The universal CRI fraction in the centres of halos then 
ensures that N e /n be universal among both halos and relics. 

This, however, does not yet guarantee the nrj ~ 
constant behaviour observed. The additional requirement — 
strong, B > B cm b magnetic fields — may seem less natural 
at the large, in some cases r > 2 Mpc radii of relics. Here, 
the combination of strong fields and low plasma densities 
entails a small plasma j3 parameter, or equivalently a high 
magnetic energy fraction, 



es = 



ub 



B 2 /8tt 



u th (3/2)/i- 1 nfc s T 



0.10- 



71-3T11 



(3.30) 



where we defined b = B/B cm f, and n_3 = n/10 -3 . 

Nevertheless, B > B crn i, fields are locally plausible 
downstream of the merger shocks associated with relics. 
Even a weak shock amplifies the pressure by a factor of a 
few, as witnessed by the enhanced X-ray e mission and a tem- 
perat ure rise in the vicinity of relics (e.g., iFinoguenov et all 
I2010T I. This leads to an elevated nT denominator in equa- 
tion (|3.30|l , effectively lowering cb ■ In addition, as explained 
in ij3.ll our data pertains to the most radio bright point 
along each relic, presumably corresponding to the most 
strongly magnetised spot along the shock, so a high value of 
e_B is required only locally. 

For example, a magnetic field B > 3 fiG was inferred 
in the r ~ 2 Mpc, Northw est relic in A3667, both from the 
Faraday rotation measure (|johnston-Ho llitt 2004 ) and from 
an u pper limit on Compton emission ( Finoguenov et all 
|2010[ ). This translates to b > 0.8 at the redshift z = 0.055 
and so, according to the /3-model, to es > 0.17. The X-ray 



4 Primary CRE halo models would encounter the same problem 
here, as they invoke a different CRE acceleration mechanism. 
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data sugges ts a shock of Mach num ber M — 2 near the edge 
of the relic (|Finoguenov et alj|20ich . Such a shock raises the 
pressure by a factor of r p = pd/pu = (5Ai 2 — l)/4 ~ 5 (as- 
suming an ideal gas with adiabatic index T = 5/3). If the (3- 
model distribution is representative of the pre-shock plasma, 
the observed B > 3 limit translates to only es > 3.5% 
downstream, which seems quite plausible. 



is neither understood nor observationally constrained, as an 
explanation for radio relics. The model does not assume par- 
ticle acceleration or reacceleration in turbulence, which is 
similarly unconstrained. On the contrary, the model places 
upper limits on the efficiencies of particle acceleration in 
weak shocks and turbulence, as discussed in SJS] 



3.5.4 A unified, secondary CREs model for relics and 
halos resolves some previous model discrepancies 

Our model, attributing both relics and halos to secondary 
CREs produced from the same CRI population, resolves sev- 
eral of the discrepancies of the present, primary CRE relic 
models, pointed out in Sj2] 

The spectrum of secondary CREs injected by hadronic 
collisions closely follows the spectrum of the primary CRI 
population. The CRI distribution is homogeneous and spec- 
trally flat (nearly constant energy per logarithmic interval in 
particle energy), so the CRE injection spectrum is similarly 
flat, as inferred from halo observations. This explains why 
all relic edges show such a similar, flat, a ~ —1 spectrum, 
which has no special significance in DSA models, as argued 
in i ]2.2l This also explains why the centres of halos and the 
peaks of relics show, for the most part, a rather similar spec- 
trum. This is no longer a coincidence, as it was in primary 
CRE models. 

The common source of CREs in halos and in relics ex- 
plains most of the connections found between them, out- 
lined in H2.3I The radio bridges observed in several clusters 
to extend between a halo and a relic simply reflect, in our 
model, a strongly magnetised region, probably tracing the 
propagation path of the relic shock. The strong fields illu- 
minate the pervasive secondary CREs in radio waves; no 
fine tuning between different halo and relic models is neces- 
sary. Likewise, the sim ilar P v ~Lx correlations found in halos 
( Brunetti et al.l 120071. and r eferences therein) and in relics 
i Giovannini fc Ferettilliool ) have the same origin, and are 
no longer coincidental. 

Likewise, the lack of a clear bimodal distinction between 
the properties of halos and relics, manifest for example in 
the presence of exceptional halos and relics as described in 
H2.3I simply reflects, in our model, the similar nature of the 
two phenomena. Thus, the varying morphologies, degrees 
of polarisation, shock associations, etc., among halos and 
relics, all arise from different magnetic configurations in the 
cluster. 

Specifically, the magnetic fields near the centre of a clus- 
ter are thought to be strong and randomly oriented after a 
merger, and the B ~ B cm b contour marking the edge of 
the halo typically being centrally-centred and more or less 
spherical. The magnetic field behind a peripheral merger 
shock, in contrast, is locally enhanced, and thought to have 
a preferred orientation parallel to the shock. These proper- 
ties lead to the regular, central, and unpolarised nature of 
most halos, and the irregular, peripheral, and polarised na- 
ture of most relics. However, exceptions are to be expected 
at various stages of the magnetic evolution. For example, a 
young merger shock that is magnetising the cluster's centre 
may lead to an irregular, polarised halo. 

Our model alleviates the need to invoke particle accel- 
eration or reacceleration in weak shocks, a process which 



3.5.5 Challenges for a unified, secondary CRE model 

We have seen that the data supports a unified model which 
invokes secondary CREs, produced from a homogeneous pri- 
mary CRI distribution, as the origin of both halos and relics 
(as well as halo-relic bridges). This model resolves some of 
the problems encountered by previous models, and sheds 
light on the observed connections between halos and relics. 
Nevertheless, the model, as described above, is incomplete, 
and fails to explain some aspects of the halo and relic phe- 
nomenology. 

First, the data shows that halos and relics do not per- 
fectly align along a pure n oc (n/no) -1 power law. The relics 
have a somewhat higher n than anticipated from a simple- 
minded extrapolation of the n oc (n/no) -1 profile derived 
within halos in H3.4I Comparing n in different relics, in the 
same or in different clusters, shows that the n profile among 
relics is somewhat steeper than 7 = — 1. Note that in a dif- 
fusion model, one would expect 7 to flatten — not steepen 
— sufficiently far from the centre. Moreover, even with the 
steeper 7 of relics, extrapolating the relic fit to the clus- 
ter's centre, n/no 1, still yields higher rjo than observed 
in halos. While these discrepancies may be partly relieved 
by more accurate X-ray data, devoid of the /3-model bias 
mentioned in H3.5.2I they suggest that we have not yet ad- 
dressed some of the physical processes underlying the radio 
emission. 

Second, the model as stated above cannot account for 
substantial spectral deviations, away from the flat a ~ — 1 
observed in the centres of most halos and at the outer edges 
of relics. This includes the steep spectrum halos, discussed 
in i j2.ll and the gradual steepening often observed towards 
the edges of halos and behind (inward of) relics. Some halo 
steepening can be explained by the energy dependence of the 
inelastic cross section for pion production, which governs 
the injection of CREs, if the magnetic field is sufficiently 
strong (see KL10). However this cannot explain the very 
steep spectra of some halos, or the steepening inward of B < 
B cm b relics. In addition, the above model cannot explain the 
coincidence between the presence of a steep halo and a relic 
in a cluster, pointed out in i)2.3l 

Finally, the secondary CRE model of halos, and the uni- 
fied relic-halo model advocated above, assume steady state 
CRE injection and static magnetic fields. More precisely, it 
is assumed that changes in the magnetic configuration and 
in particle injection are slow with respect to the cooling time 
of the CREs. However, this assumption breaks down in the 
vicinity of shocks, and probably also at the edges of halos. 

In |4] we rectify this by deriving the synchrotron sig- 
nature of time-dependent injection and magnetic fields, fo- 
cusing in particular on shocks and turbulence. As we show 
in ij5] the remaining model discrepancies outlined here are 
resolved in the generalised, time-dependent model. 
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4 TIME-DEPENDENT DISTRIBUTIONS OF 
COSMIC-RAYS AND MAGNETIC FIELDS 

The analysis of time-dependent CRE injection and magnetic 
fields is important for understanding key features of radio 
halos and relics, as we argue in £14.1 1 below. One type of tem- 
poral evolution, discussed in H4.2I involves the compression 
and acceleration of the ambient plasma and CRs — both pri- 
mary CRIs and secondary CREs — by weak shocks. Next, 
we study the evolution of the secondary CRE population 
injected into time-dependent magnetic fields, in £|4. 31 and 
the properties of the resulting synchrotron emission, in £|4. 41 
Combining the results derived in t|4.1H4.4t we discuss the 
synchrotron signature of a shock in §4.51 and the signature 
of CRE diffusion through a turbulent magnetic field in i]4.6l 



trei ~ D/vj, much longer than t s h, but still much shorter 
than t coo i. Here, D is the CR diffusion coefficient, and t rs i 
is defined as the time during which a Lagrangian upstream 
fluid element sees a substantial change in its relativistic par- 
ticle population and the associated magnetic field. It is much 
shorter than t coo i even for inefficient diffusion, typically es- 
timated away from the shock (for 1 GeV CRs in B ~ 3/^G 
fields) as D < 10 31 cm 2 s _1 (e.g., IVolk et alj[l996j ). such 
that t rel < 5(D/10 31 cm 2 s _1 )(Xc s /3000 km s" 1 )" 2 Myr. 

Moreover, even weak shocks travel a considerable dis- 
tance during t coo i, 

v s t cool ~ 370M 2 T^ 2 f ^ ) kpc, (4.2) 



4.1 Temporal evolution cannot be neglected in 
relics and in all halos 

Diffuse radio emission from galaxy clusters arises from 
CREs, injected locally into the plasma, losing most of their 
energy to inverse-Compton and radio synchrotron radiation 
over a (cosmologically) short timescale. The cooling time of 
a CRE that at redshift z emits synchrotron radiation re- 
ceived today with characteristic frequency v — \Av\a GHz 



tcooi — 0.11 



4(V3)" 



1 + 6" 



<(l + z)-2 Gyr 



(4.1) 



where b = B / B cm b is the normalised magnetic field, assumed 
constant, and an average pitch angle 5 = 7r/4 is adopted 
(see ^4.4|) . The term in square brackets peaks at unity when 
b = 1/V3. 

In most parts of a cluster, the plasma properties change 
slowly, over the ~ 1 Gyr dynamical timescale, so CRE in- 
jection and magnetic fields can be approximated as time- 
independent (as assumed for the magnetic field in equa- 
tion (|4.1|) ). This approximation substantially simplifies the 
analysis of synchrotron radiation from halos and relics, and 
has been adopted in virtually all previous models of diffuse 
radio emission from clusters. 

However, diffuse radio emission is also observed 
from dynamical regions, where fast density and magnetic 
changes occur over timescales much shorter than t coo i- 
The most radical examples are the weak, Mach number 
A4 ~ 2-3 shocks believed to energise the peripheral 
radio relics, and the weak shocks observed at the edges 
of halos. Here, the plasma is rapidly compressed, by 
factors of ~ 2-3, and the magnetic field amplitude B may 
be similarly amplified. Plasma compression takes place 
over the shock transition crossing time, t„h ~ L/v s ~ 
2(A sh /100)(7Wc s /3000 km B _1 ) _1 (n/10 -3 cm" 3 )- 1/2 ms, 
which is dramatically shorter — by some 18 orders of 
magnitude — than t 000 i. Here, v 3 and c 3 are the shock and 
sound velocities, and we parameterised the shock width as 
L — Xshhd, where l a d is the proton skin depth and X s h is an 
unknown number of order 100. Note that CRE injection, 
being proportional to n, changes abruptly at the shock, 
within ~ t 3 h- It continues to evolve, due to changes in the 
CRI distribution, over longer length- and time-scales. 

Shock acceleration or reacceleration of CRs, and fur- 
ther magnetic field amplification, may proceed on timescales 



where T 10 = k B T/10 keV and M 2 = M/2. Hence, the tem- 
poral evolution of emission behind the shock can be resolved 
and modeled. This has b een attempted for example in A521 
(|Giacintucci et al"]|2008l ). where the spectral steepening be- 
hind the relic was interpreted as gradual cooling of a primary 
CRE distribution injected at the outer relic edge. 

Fast temporal evolution of the magnetic field is also 
thought to take place away from shocks, for example near the 
centres of young halos, due to strong turbulence triggered by 
a merger event. Particularly fast, expon ential field evolution 
is exp ected when the halo is born (e.g., ISubramanian et alj 
120061 ). as the ICM becomes strongly magnetised by merger- 
induced shocks or turbulence. Similarly fast field evolution 
may take place at the edges of halos, in particular in MHs 
where the magnetic structures associated with CFs are thin 
|Keshet et alj|2010h . 

The characteristic coherence scale of magnetic fields in 
the ICM is estimated to be on the order of As < 20 kpc 
(|Carilli fc Tavlorll2002l ; Iciarkdl2004l ) . Substantial changes in 
the magnetic field can be expected over the corresponding 
crossing time of fast hydromagnetic modes, 



t B ~ \b/c s < 10T 10 1/2 (A s /20 kpc) Myr 



(4.3) 



Alven modes may similarly modify the field, over a time 
scale ~ 5(n_3Tio) 1 ^ 2 (B/5 //G)~ 1 ts, typically longer than 
is, but still shorter than t coo i in highly magnetised regions. 

In cases where the global parameters of the magnetic 
field evolve slowly, and many, uncorrelated turbulent eddies 
are integrated over the radio beam, one may effectively as- 
sume that the field is stationary (KL10); this does not apply 
to relics, young halos, and halo edges. A time-dependent ap- 
proach is needed if only a few eddies are included, if corre- 
lation between eddies are important, or if eddy oscillations 
are resonant with the cooling time. 

The preceding arguments indicate that the temporal 
evolution of CRE injection and magnetic fields cannot in 
general be neglected in the study of diffuse radio emission 
from galaxy clusters. This is particularly true for relics, be- 
ing associated with shocks, for young halos, where substan- 
tial field growth takes or has recently taken place, and for 
halo edges, where B ~ B crn b may be highly variable. Indeed, 
incorporating temporal evolution in relic and halo models is 
essential for resolving the discrepancies outlined towards the 
end of 331 
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4.2 Shock compression and CR amplification 

Consider an infinite planar shock of Mach number M , prop- 
agating through a homogeneous medium with adiabatic in- 
dex r = 5/3 (see concluding remarks for an arbitrary T). 
The l ow central CRI frac tion inferred from halo observa- 
tions dKushnir et al.l [20091 . and KL10) indicates that CRIs 
do not play an important dynamical role in the centres of 
clusters, except perhaps near local sources. The analysis of 
relics in ^indicates that the same holds for relic shocks. We 
may therefore use the test-particle approximation to study 
CRs in weak ICM shocks. We assume, as usual, that the CRs 
interact with the ambient plasma by scattering off magnetic 
irregularities. 

Acc ording to diffu s ive shock a c celera t ion ( PSA) 
theory dKrvmskiil Il977l; lAxford et all Il977l ; IrBeiil 1 19781 ; 
iBlandford fc Ostrikerl I1978T ). relativistic particles near the 
shock are accelerated by the Fermi mechanism, resulting in 
a downstream power-law energy spectrum N(E) tx E s of 
index 



r 9 + 2 
r a -I 



(4.4) 



where r g is the gas compression ratio. For an adiabatic index 
F = 5/3, r g = 47W 2 /(3 + M 2 ), so 



VW 2 



1 



(4.5) 



Non-cooled CRs (either CREs or CRIs) which already 
have a flat power-law spectrum (s = —2; equal energy per 
logarithmic particle energy interval) upstream, cannot be- 
come flatter in standard DSA, at least not in the test-particle 
approximation. It is therefore natural to assume that the flat 
spectral slope is not altered by the shock, although the nor- 
malisation and cutoffs may change. Under these conditions, 
it can be shown that the CR energy is shock-amplified by a 
factor M 2 , and this result does not depend on the details of 
the interaction with the magnetic irregularities. 

To see this, consider the shock frame, oriented such that 
the shock lies at x — and the plasma flows in the positive 
x direction, with velocity v = v s upstream (x < 0) and 
v s /r downstream. Parameterising the CR scattering by some 
diffusion function D(E, x), the st eady state CR distribution 
N(E, x) satisfies (|Krvmskiilll977M 



d x (Nv) = d x (Dd x N) + -d E (NE)d x v 



(4.6) 



Integration over x yields 

Dd x N = Nv - N v s + (rg ~;| )(fl + 1) « a e(3;)iSU , (4.7) 

6r g 

where No(E) = N(E,x — > -co) is the CR density far up- 
stream, and the Heaviside step function 



e(x) = 



if x < 

1 if x > 



(4.8) 



is unity downstream and vanishes upstream. As there is no 
energy scale in the problem, the spectrum at the shock is a 
power-law, N 3h (E) = N(E,x = 0) oc E 3 . 

The only bound solution of equation (|4.7p downstream 
is uniform, Nd(E,x) = N s h{E). Primary particle accelera- 
tion involves no particles far upstream, so by taking No — > 




At 



Figure 13. The amplification induced by a shock of Mach num- 
ber Ai in a gas with adiabatic index V = 5/3, for (i) CRs with 
s = — 2 (equation 114.101 1; solid) (ii) CRs with s = — 2, assum- 
ing adiabatic compression only (dashed); (Hi) the ambient gas 
pressure (dot-dashed); and (iv) the ambient gas density (dotted). 



one recovers the standard spectrum equation (|4.4|) . but can- 
not determine the normalisation of the distribution, i. e. the 
acceleration efficiency. However, in the present case of an up- 
stream flat spectrum, we must retain the A^o term, leading 
to a CR compression ratio 



3r„ 



N d 



No 3 + (r 9 -l)(s + l) 



3r 



4 - r c 



(4.9) 
(4.10) 



where we used s = —2 in the last line. Notice that a larger 
(smaller) amplification factor would arise if we were to as- 
sume that the downstream spectrum is steeper (flatter) than 
the upstream spectrum in equation (|4.5[) . 

The CR compression ratio r cr (A4) is shown in Fig. ll3l as 
a function of the Mach number. As the figure demonstrates, 
the CR amplification we find due to CR interactions with 
magnetic irregularities is larger than the adiabatic compres- 



(2-s)/3 



sion T'er. ad = >V" "" " = r„ 4 ^ 3 usually used in this context 
(e.g., in lEnfllin fc Gopal-KrishnalboOll ). It is bracketed by 
the ambient plasma's density compression r g from below, 
and by its pressure amplif ication factor r p from above, where 
|Landau fc Lifshit dfl96ol ) 
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Pu 



2TM 2 

r + i 



5M 2 



(4.11) 



and we assumed F = 5/3 in the last equality. 

In particular, we conclude that a weak shock lowers the 
energy fraction of a flat-spectrum distribution of CRs (either 
CRIs or CREs), 



r + i 



2r - (r 

4 



1)M- 2 

< 1 , 



(4.12) 
(4.13) 



5- M-' 2 

where we neglected logarithmic corrections due to changes 
in the CR energy cutoffs, and assumed F = 5/3 in the sec- 
ond line. The drop in CR energy fraction due to a shock 
asymptotes to a constant 2r/(r + 1) = 5/4 (for T — 5/3) 
as the shock becomes stronger. This holds up to the strong 
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shock regime, where fresh CR injection can no longer be 
neglected. 

Recall that the radio and X-ray emissivities scale as 
j v oc N e B 2 /(B 2 + B 2 mb ) and jx oc n 2 , respectively, and 
that CREs are injected according to N e ~ Ntn. We postpone 
the discussion of magnetic field amplification and its conse- 
quences to EI4.3I Without these effects, shock compression 
and CRE amplification alone initially cause j v to increase 
by a factor r cr = M 2 behind the CR transition layer, but 
cause the radio-X-ray ratio r\ to initially decrease, by a factor 
r g 2 /r cr = 16M 2 /(3 + M 2 ) 2 (which is larger than unity for 
M < 3). However, at the CRE cooling distance ~ v s t coo i/r g 
behind the shock, the shocked CREs have been replaced by 
newly injected particles. By this point, the shock-induced 
jump in n and in Ni cause j v to increase by a larger factor, 
r cr r g = 4vM 4 / (3 + M 2 ) > 1, and induce an increase of 7] by 
a factor r cr /r g = 1 + (M 2 — l)/4 > 1. (These enhancement 
factors are taken with respect to the upstream, temporarily 
assuming no change in magnetic field). 

If the diffusion function is homogeneous, i.e. D(E,x) = 
D(E), then the upstream solution is given by 

N u (E,x) = No + (N sh - N )e^ /D)x . (4.14) 

The CR transition layer has, therefore, a thickness ~ D/v„. 

Notice that we have used the assumption T = 5/3 for 
the ambient gas only in identifying a flat CR distribution 
with an s = —2 spectrum. Hence, equation (|4.9[) (but not 
equation (|4,10[l ') holds for any T and s. In particular, the 
diverging amplification it implies for an s = — 2 distribution 
when r g = 4, persists for any F. 

However, s = — 2 is not the flattest spectrum attain- 
able in equation (|4.4p for arbitrary F. If we assume that the 
spectrum upstream is the flattest spectrum possible in DSA 
(from previous injection by a strong shock, say), we recover 
N d /N = M 2 regardless of V. Here, equation P~T2")| (but 
not equation (|4.13|l 'l holds for any V. 

Our simplified analysis assumes a pure power-law spec- 
trum, with no cutoffs. The results are substantially modi- 
fied near such cutoffs, and equation (|4.10|l becomes an up- 
per limit to the CR amplification. We neglected CR feed- 
back effects, so the results are not valid in scenarios where 
the CR pressure is non-negligible with respect to the ambi- 
ent plasma. The results are also modified in shocks strong 
enough to accelerate a flat CR spectrum, i.e. when M > 5; 
here, equation (|4.1U|I should be regarded as a lower limit. 

4.3 Time-dependent injection and magnetic fields: 
CRE evolution 

4-3.1 General evolution of the CRE distribution 

A CRE injected into the ICM cools mainly off the ambient 
photons and magnetic fields, according to 

d t E e = -4>E 2 e , (4.15) 

where we defined the cooling parameter 

4 _ 2 _ 3 / B 2 \ 
ip(t,r) = V7 + i>B = g OTm e c ( u T + ^j:) ( 4 - 16 ) 

~ 0.83(1 + z) 4 (l + b 2 ) GeV -1 Gyr" 1 . 

Here, xp 1 (t,r) is the cooling parameter associated with 
Compton scattering off photons with local energy density 



u 7 (t, r), typically dominated by the cosmic microwave back- 
ground u cm .b as assumed in the second line. 

The diffusion of such a CRE through the ICM depends 
on the poorly constrained magnetic con figuration. A typ - 
ical estimate of the diffusion function (|Volk et al.l ll996T ). 
which assumes scattering off magnetic regularities with a 
P(k) oc fc~ 3//2 power spectrum, indicates that the character- 
istic distance L traversed during t coo i, 

L ~ 20(1 + b 2 y 1/2 (l + z)- 19/8 (u 1A b)~ 1/s kpc , (4.17) 

is of the order of the magnetic coherence scale when B ~ 
B crrl i) . 

The energy of the CRE evolves according to equa- 
tion p~T5)i . 

E(t)- 1 = Eo 1 +9 t , to , (4.18) 

where we omitted subscripts e (henceforth), defined Eo = 
E(to), and introduced the integrated cooling parameter 

* Mo ee f V(t') dt' . (4.19) 

This implies that all CRE which have energy ^> E at time 
to, cool down to E at approximately the same time t, deter- 
mined by "Jt.to = -E -1 . 

Assuming that CREs are injected into the plasma at a 
rate (number density per unit time) N+(t,E), their evolu- 
tion is described by the diffusion-loss equation for relativistic 
particles, 

d t N(t, E) = N+- d E ( iV ^) + V(DViV) . (4.20) 

In the following, we neglect the last, diffusion term, and 
reintroduce it later in H4.6I We also neglect adiabatic losses, 
dE/dt — — (1/3)(V ■ v)E, assuming that the gas evolves 
slowly compared to t coo i. The effects of shocks have been 
considered separately in H4.21 and will be reintroduced into 
the analysis at the end of i]4.3l 

Under these assumptions, the CRE distribution follows 
the partial differential equation (PDE) 

8 t N(t, E) = N+- d E (n^J . (4.21) 

A flat spectrum N oc E~ 2 , with equal energy per logarithmic 
interval in particle energy, f(t, E) = E 2 N = constant, is a 
solution of the homogenous equation for constant cooling 
(ip = const.). It is advantageous to introduce the inverse 
energy X — E^ 1 and use f(t,X) = f(t,E = X -1 ) instead 
of N(t,E). equation (|4.21|l then simplifies to 

d t f(t,X) = Q-ipdxf , (4.22) 

where 

Q(t,X) ee E 2 N+ (4.23) 

is the logarithmic energy injection rate. 

The general solution of equation (|4.22|l is 

f(t,X) = f(to,X-V t , to )+ [ Q<j,X-* t , T )dT , (4.24) 

J t 

where to is an arbitrary initial time, and we require f(t,X < 
0) = and Q(t,X < 0) = in order to avoid non-physical 
results. 
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For example, consider the simple case where starting 
from some time to, CREs are steadily injected with a power- 
law energy spectrum Q(t > to,X) = QaX~ q (i.e. N+ oc 
E q ; we assume q < 1 throughout this work), and tp(t) is 
constant such that ^t,t' = — t'). Here we recover the 
known solution 



f(t,E) = 



QoE"- 1 



Max 



0,1 



E 



1 1-9 



E c (t) 



(4.25) 



where E c (t) = [(t — to)^]" 1 is the energy with cooling time 
t — to. At early times, this becomes / = QoE q (t — to) + 0(t — 
t ) 2 , whereas at late times / — > QoE q " 1 / (1 — q)ip. The late 
time limit is a stationary solution of equation (|4.22[) . as it 
satisfies 



?x/ = Q/ip 



(4.26) 



In general, equation (|4.24[) shows that f(t, X) is the sum 
of all retarded injections Q(t,Y) along a cooling trajectory 
{t, Y}, terminating at {t, X} and determined by the cooling 
parameter ip(t) through 



Y(t) =X- * t , T . 



(4.27) 



Assuming sufficiently early to or high CRE energy such that 
X < ^t,t , the initial condition f(to) can be eliminated from 
the solution equation (|4.22[) . The trajectory then begins at 
{r, y} = {ij,0}, where the earliest retarded time ti(t,X) is 
defined by Y(ti) = X - * t , ti = 0, i.e. all the CREs present 
at time ti cool to energies < X~ x by time t. Equation (|4.24l) 
then becomes 

f(t,X) = jf Q( T ,Y( T ))dT . (4.28) 

In addition to the standard, instantaneous (or future) 
estimate of the cooling time, 



v 

t cool (t,X) = — , 



(4.29) 



it is useful to introduce the retarded cooling time, 

T cool {t,X) = t-U(t,X) , (4.30) 

which equals t coo i if ip(t) — constant, but may substantially 
differ from it when cooling is time-dependent. 



4-3.2 Variable injection or cooling modify the CRE 
spectrum 

Consider temporal variations in the cooling parameter ip, 
for example due to changes in a strong, B > B cmo magnetic 
field, or temporal changes in the injection rate Q. Crudely 
speaking, the CRE distribution responds to changes in ip or 
in Q by evolving towards a new steady state where / ~ Q/tp- 
The distribution evolves faster at high energies, where the 
cooling time is short; it takes gradually longer for the distri- 
bution at lower energies to relax into the new steady state. 
Due to this gradual response, the spectrum at energy E 
steepens/flattens, reflecting a temporal growth/decline in ip 
or a decrease/increase in Q, that occurred roughly a (re- 
tarded) cooling time t coo i earlier. 

Quantitatively, the CRE spectrum can be derived from 



equation (|4.28|l and written in the form 
din/ din/ 



<P(t,E) 



dlnE dlnX 
_ XQ(t h 0) _1 
f 



(4.31) 



i 



i + 



dr ^t, T d T 



dr^t, T d y Q(T,Y) 

Q(t, y)~\ 



where 



r u Q{r,Y)q{T,Y)dr 
f!Q(r,Y)dr 



(4.32) 



is the energy spectral index q (t , X ) = — d In Q/d In X of CRE 
injection, averaged over the {r, Y} trajectory. Notice that for 
injection of a power-law spectrum with a fixed index, 



Q{t,X) = X~ qo Q(t) 



(4.33) 



with constant go, we have q = qo regardless of the normali- 
sation time-dependence Q(t). 

For constant injection and cooling, the integrand in 
the last term in equation (|4.31(l vanishes and we recover 
the standard result <j> = q — 1. For time-dependent injec- 
tion/cooling, the integrand has the same sign as d T (Q/%p) 
(because / and are positive). This quantifies the steepen- 
ing (flattening) of the spectrum with respect to q — 1 when 
cooling strengthens (weakens) or the injection rate decreases 
(increases) in time. 

This effect is most transparent if variations in Q(t,X) 
are small, i.e. injection is approximately uniform and flat. 
Here, q ~ 0, and the CRE spectrum is mostly sensitive to 
the retarded cooling time r coo ; and to the retarded value of 
the cooling parameter, ipi = ip(ti). Indeed, for Q(t,X) — 
Qo — constant, the CRE distribution becomes 



f(t,X) =r coo iQ 

so the CRE spectrum is given by 

X . ip a 



XQp 

4>a 



4>(t,E) = 



= -1- 



Ipi 



< 



(4.34) 



(4.35) 



oollpi Ipi 

where we defined a time-averaged cooling parameter 
ip a (t,U) = ^t.ti/ Tcooi. Hence, the spectrum steepens and 
<p < — 1 (flattens and — 1 < < 0) if cooling becomes 
stronger (weaker) in time, in the sense that ip a > ipi 

{ipa < Ipi)- 

It is straightforward to generalise this for time- 
dependent, flat (q = 0) injection, Q(t,x) = Qo(t), as well as 
time-dependent cooling. Here 



f(t,X) = jf Q (r)dr 



n^cool 



XQ a 

Ipa 



T a , (4.36) 



which defines the average injection Q a , in analogy with the 
average cooling ip a . We define T = XQ/ip such that f = J 7 
is the steady-state distribution corresponding to constant Q 
and ip. The spectrum is then given by 



<Kt,x) = 



i/ipt 



= -l - 



*F i IF a 



Qa/lp, 

where Q; = Qo(ti) and Fi = Qi/ipi. 

Equations (|4.36|l and (|4.37|) imply that 



< 



</>(t,x)f(t,x) 



(4.37) 



(4.38) 
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Thus, for q = but arbitrary Qo(t) and ij)(t), the product of 
<f> and /, at any given time and energy, equals the product 
of the steady state <f> = — 1 and / values that correspond 
to a putative configuration in which Q — Qi and ip = ipi 
are constants, given by their values at the retarded time 
U = t — r coo i(t, E). 

Equation (|4.38[l implies that the spectral curvature is 
given by 



din <j> 
dhiE 



dlnJi 
dlnX 



= -6-1- 



(4.39) 



Hence, the combination <f> + <f> measured at any given energy 
E directly gauges the temporal evolution of CRE injection 
and magnetic fields at the retarded time tj. An observed 
CRE spectrum spanning a wide energy range can thus be 
used to reconstruct the evolution over an extended period of 
time. It is useful to define a measure of the magnetic growth 
and injection decay at time ti, 



-Q-^dTijdU 



(4.40) 



If we can approximate this as a constant = const. 7^ —1, 
then the solution of equation (|4.39p becomes 



<f>{E) = - 

4>{E) = - 



1 + KA 



1 - (E/E ) 1+K t> ' 

1 + K$ 

1 - {E / E )-0-+**) 



(4.41) 



where Eq is an integration constant. For constant injection, 
ka, = —dt coo i{ti)/dti, and is positive (negative) for magnetic 
growth (decay) ; constant injection and cooling yield = 0. 



4-3.3 Example: sudden change in injection or cooling 

It is instructive to analyse a simple example of the CRE 
spectrum resulting from a time-dependent magnetic field or 
variable injection. Consider first the case where an otherwise 
constant magnetic field suddenly changes at time to, such 
that the cooling parameter is modified by a factor 72., 



m = 



-01 

lp2 = 72/01 



if t < to 
if t > to 



(4.42) 



For simplicity, assume a steady power-law energy injection, 
Q = QoE q with some constant q < 1. 

The corresponding solution, obtained by plugging ip(t) 
from equation (|4.42fl into equation (|4.24fl or (|4.28|l . may be 
written as 



f(t>t ,E) 



where 



QoE 



s-i 



(1 



L + (72-— l)Max 



E c (t) = [(t-t )V> 2 ] 



(4.43) 



0,1- 



E 



E c (t) 



(4.44) 



is the energy with (instantaneous) cooling time t — to. Notice 
the similarity between this expression and equation (|4.25[) . 
where it was assumed that prior to to there was no injec- 
tion, or equivalently cooling was infinitely fast, correspond- 
ing here to the limit 72 — > 0. 



The spectrum of the CREs can be derived from their 
distribution equation (|4.43[) or directly from equation (|4.31[) , 



4>(t,E) = q-l-(H-l)9 q ,-R. 



where we defined 



E 



E c {t)J ' 



(4.45) 



(4.46) 



The spectrum depends on E and t only through the combi- 



nation 



E 



? = 



E c (t) 



(4.47) 



This self-similar behaviour arises because no time- or energy- 
scale is associated with the transition in magnetic field, as- 
sumed in equation (|4,45[) to be infinitely fast. 

By assumption q < 1, so $ ^ 0. Equations (I4.45|l and 
(|4.46|l thus show that the spectral index <f> decreases (in- 
creases) with respect to its steady-state value (f> s — q — 1, 
i.e. the spectrum steepens (flattens), if the magnetic field 
strengthens such that 1Z > 1 (weakens, 1Z < 1). The devia- 
tion of the spectrum from <j> s is largest at some finite energy 
< E ^ E c . For example, for flat injection (q = 0), the 
steady-state spectrum is <f> s = —1, and the extremal spec- 
trum is 4> ext — —72., which occurs when E — > E c . As another 
example, for q = — 1, <j> a = —2, and <f> ext = —1 — TZ 1 ^ 2 occurs 
when E/E c = 1 - (1 + 72 1/2 ) _1 . 

The CRE spectrum arising from the magnetic jump 
equation (|4.42[) is illustrated in Figs. [T4land[T5l These fig- 
ures show the deviation 



Aa : 



= a + 1 - q/2 



(4.48) 



of the radio spectral index a from its steady state value ct s = 
(q—2)/2, in various approximations. The CRE spectrum can 
be read from the approximation a(v a ) = [<f)(E) — 1]/2 (shown 
in dashed curves), where u s (E) is the synchrotron frequency 
of a CRE with energy E. 

Although an instantaneous jump in the magnetic field 
strength is an idealisation of a more gradual magnetic re- 
configuration, the corresponding CRE distribution (equa- 
tions 14.431 I4.45|) provides a good approximation at suffi- 
ciently late times or low energies. The reason is that al- 
though the details of the magnetic evolution B(t), spanning 
some finite timescale ~ At, say, are initially imprinted upon 
the CRE spectrum at high energies, the corresponding spec- 
tral features rapidly diminish and compress as the informa- 
tion gradually propagates to lower energies. At late times, 
these fast and small amplitude spectral variations, super- 
imposed on the imprint of the overall magnetic jump, are 
smeared out in the radio emission, which involves a con- 
volution between the CRE spectrum and the synchrotron 
function F syn , as discussed in §4. 41 below. 

More precisely, while the spectral features associated 
with the overall change in cooling function span a char- 
acteristic energy scale E c ~ [(t — to)^] -1 as seen in 
equation (14.451) . the spectral features corresponding to At 
transients lead to spectral variations on an energy scale 
E c At/(t — to) which is much smaller at late times. The am- 
plitude of these spectral variations is of order At/(t — to), an 
so decreases with time, too. A more quantitative discussion 
of the CRE distribution arising from an arbitrary transient 
magnetic evolution is deferred to Appendix SfA] 
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It is straightforward to generalise the above discussion 
to the case where the ipi — > ip2 change in cooling function 
is accompanied by a Qi — > Q2 change in injection Q. If the 
spectral index q remains constant, equations (|4,43|1 (|4,45|) 
are also valid if both injection and cooling jump at to, with 
the substitution Qo — > Q2 and the revised definition 



K 



22/^2 



(4.49) 



Note that if at to the CREs are compressed by some 
factor r cr , for example by a shock, then the above analysis 
holds with the additional substitution Qi — > Qi = r cr Qi- 
This is equivalent to an effectively enhanced CRE injection 
rate prior to to. 



4.4 Time-dependent injection and magnetic fields: 
synchrotron emission 

4-4-1 General results 

Th e synchrotron emissivity of the CRE distribution is given 
by (|Rvbicki fc Lightman|[l986l ) 



j(t,u) ~ V3er e B(t) sin(5) N{t,E)F syn [y^j 



dE 



-y/3er e B{t) sin(a) 



f(t, X)F syrl 



v s {X) 



dX , 
(4.50) 



where 

v a = aBE(X) 2 ~ 0.9b(E/5 GeV) 2 (l + zf GHz (4.51) 

is the emitted synchrotron frequency. Here, 5 is the pitch 
angle, we defined 



3e sin a 



(4.52) 



c is the speed of light, m e and e are the electron mass and 
charge, and r e = e 2 /mc 2 is the classical electron radius. 

For simplicity, instead of modeling the pitch angle dis- 
tribution, we adopt a constant value a — 7r/4, which corre- 
sponds here to an isotropic pitch angle distribution. We shall 
henceforth approximate the energy range subtended by the 
power-law spectrum as infinite, E m i n — > and E max — > 00. 

The synchrotron source function is given by 



Fsyn(C) 



C J K 5/3 ((')d£ 

coC C1 e" C2C , 



(4.53) 
(4.54) 

where K n (£) is the modified Bessel function of the second 
kind. The approximate form of F syn in equation (|4.54|) . with 
Co = 1.83, ci = 0.309, and C2 = 1.03, is accurate to within 
10%. 

When the injection is separable in energy and time, 
Q(t,X) = Q(t)Q(X), we may compute the synchrotron sig- 
nal directly from Q, for arbitrary cooling ip(t). Combining 
equations (|4.28|) . ()4.50|) and (|4.51|) . and switching the order 
of integration, we obtain 

j(t,v)xB(t)f drQ(T)G(u;t,T) , (4.55) 
J —00 



where 

G(v;t,r) 



dY Q(Y)F sy „ 



aB(t) 



(4.56) 

In equation (|4.56|l we took the upper limit Y = (m e c 2 ) -1 — 
^t,r t° infinity because F syn (^) declines exponentially fast 
for large £. One can compute G analytically for various 
choices of Q(X). For injection with a flat spectrum, Q = 
constant, we obtain 



G(y \ t, t) oc 



B(t) 



ci+1/2 



aB{t) t,T 



(4.57) 



where F n (z) is the incomplete Gamma function, and we have 
used the approximate form of F syn in equation ()4.54|) for 
simplicity. 

For qualitative estimates, it is sometimes sufficient to 
approximate the synchrotron function as a Dirac delta func- 
tion, 

F syn (C)~8({-{ ) (4.58) 

with constant £0 ~ 1, bearing in mind that the convolution 
in equation (|4.50[) with the true F syn somewhat smears the 
spectral features retained by using equation (|4.58[) . In this 
approximation 

j(t, v) oc B(t)' i/2 u- 1/2 f(t, X v ) oc B{tf- a v a , (4.59) 

where the synchrotron spectral index is 

dm> 4>{t,X v )-l 



a(t,v) - 

dmv 

and X v is denned such that v B {X v ) = 
X v = \faBC,o/v 



"/Co, 



(4.60) 



(4.61) 



Typically, the observed radio spectral index a < — 1, 
so according to equations (|4.59[) and (|4.60[) . (f> < — 1 and 
the radio emissivity scales as at least the square of the mag- 
netic field B(t). Consequently, regions in which the magnetic 
field has been growing (decaying) during the past t coo i show 
both brighter (weaker) emission and a steeper (flatter) spec- 
trum. This has two main consequences: (i) monotonic mag- 
netic evolution is directly imprinted on the brightness and 
spectrum profiles; and (ii) magnetic fluctuations of period 
P > 2t coo i induce, on average, a spectral steepening. 



4-4-2 Temporal evolution imprinted on radio emission: 
qualitative discussion for q = 

Consider temporal variations in the rate of flat (q — 0) CRE 
injection, Q(t,X) = Qo(t), and in the magnetic field, giving 
rise to a time-dependent cooling parameter tjj(t) ~ ipB(t) + 
ipcmb- Qualitatively, at any given time, the CRE distribu- 
tion attempts to evolve towards the steady state in which 
/ ~ T oc Q(t)/ip(t). As mentioned in H4.3.2I this evolution 
proceeds gradually, with the distribution of higher energy 
CREs adjusting faster. Consequently, the CRE distribution 
at energy E tends to decrease/increase and its spectrum to 
steepen/flatten, if injection has been diminished/emplified 
or the magnetic field has strengthened/ weakened at a time 
T coo i(t,E) earlier. 

Synchrotron emission directly reflects these changes in 
the CRE distribution, although the spectral features are 
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somewhat smeared by the convolution with the synchrotron 
source function F syn . In addition, the radio emission at time 
t is proportional to the instantaneous magnetic field energy 
density oc ipB(t) = ip(t) — tpcmb- This slightly complicates 
the radio response. 

For simplicity, consider the approximation F syn (£) ~ 
5(C — Co)- Using equations (|4.36[) and (|4.37l) . this yields 

vj u (t,v) oc Vs(*)^a (4.62) 



and 



a(t,u) = -1 - 



(4.63) 



where the right hand sides of the two equations are to be 
evaluated at X = X v . These results qualitatively show how 
the synchrotron brightness responds immediately and lin- 
early to changes in the magnetic energy density, and in ad- 
dition responds with a At < r coo ; delay to earlier variations 
in injection and in cooling. 

For a more detailed discussion, consider the case where 
injection is constant, such that j v oc tpB(t)/^ a , and equa- 
tion (|4.63[) becomes 

i Ipa-tpi 



a(t, v) 



(4.64) 



Further assume that the otherwise constant magnetic field 
instantaneously changes at time to, leading to a jump by 
a factor 1Z > 1 (1Z < 1) in the cooling parameter, from 
tpi to ip2 = TZtpi, as in equation (|4.42[) . Consequently, ip{ti) 
experiences a delayed jump, given by equation (|4.42p but 
with to replaced by tf = to + T coo i(t f) , whereas i/j a gradually 
changes from tpi to tp2 during the time interval to <t <tf. 
The synchrotron brightness responds immediately to the 
magnetic growth (decay) by increasing (decreasing), from 
j v ,i to lZj v ,i. However, the spectrum is unaffected at to, so 
the initially modified, 7Lj v ^ emission is flat (a — —1). The 
brightness remains elevated (diminished) over ~ t coo i, dur- 
ing which the spectrum gradually steepens (flattens) and 
the brightness gradually returns to a new steady state, j'„,2, 
as tp a gradually evolves from to ?/>2- In the strongly mag- 
netised regime (ips > ipemb), jv,i — j v ,i, otherwise j Vt 2 can 
be substantially higher (lower) than j„,2- This steady state 
is reached at tf, just as the spectral deviation is extremal, 
ctext — —(1Z+ l)/2, immediately flattening back to a = —1 
as tpi — > tpa- 

The synchrotron signature of arbitrary Q(t) and ip(t) 
can be conceived of as a superposition of multiple such re- 
sponses. The above qualitative discussion can thus be gener- 
alised for arbitrary ip(t) and Q(t), using equations (|4,62[) and 
(|4.63|l . However, in practice, j v and a are smoothed by the 
convolution with F syn , avoided above in the approximation 
equation (|4.58|l . In i ]4.4.3l we analyse more accurately the ra- 
dio emission corresponding to an isolated, sudden jump in Q 
and ip, for arbitrary injection power-law q. When the tempo- 
ral behaviour of Q and ijj is erratic, it may be more useful to 
employ a statistical description of the corresponding radio 
emission, as shown in ^4.6.21 



4-4-3 Synchrotron signature of an instantaneous change 
in Q and B 

Consider an arbitrary, instantaneous transition in which 
both the CRE injection rate and the magnetic field change 



abruptly at t = 0. For simplicity, we assume injection of 
a power-law spectrum with a constant, but not necessarily 
flat, index q, such that Q(t,E) = Q(t)E q . We may thus 
describe the transition as 



{Ql,Vl = <MBl)} {Q2,^2 = V(B2)} 



(4.65) 



The corresponding CRE distribution f(t, E) and spec- 
trum 4>(t, E) were derived in H4.3.3I see equations (|4.43p ~ 
114.461) with Qo replaced by Q2, and to replaced by 0, so 
equation (|4.43[) becomes 



f(t,E) 



(1-9)^1 
Q 2 E q 



if t < ; 

if t > and E < E c (t) 
if t > and E > E c (t) 



(4.66) 



(l-g)V2 

Here, 1Z = (Q11P2) / {Q21P1) = F1/F2, as defined in equa- 
tion (f4~49)) . 

In the 5-function approximation of F syn (equa- 
tion H4.58jl ), the synchrotron spectrum corresponding to 
equation (|4.66[) is given by 



a(t, v) 



11-1 



(4.67) 



where $ is defined in equation (|4.46p . This results was dis- 
cussed qualitatively in i]4.4.2l and is illustrated as dashed 
curves in Figs. 1141 and 1151 

In practice, convolving the CRE distribution with the 
true F syn smears the spectral features of equation (|4.67[) . For 
example, the maximal deviation for the spectral index from 
its steady state, \a ext — a s \, is somewhat smaller than derived 
in i]4.4.2l and the steady-state spectrum a = (q — 2)/2 is 
recovered only gradually, over a timescale > t coo i- In order 
to quantify these effects, we must model the synchrotron 
source function F syn more accurately. 

The radio emissivity can be derived by plugging the 
distribution f(t,E) of equation (|4.66p into equation (|4,50H 
or, as Q(t,E) — QE q is separable here, by plugging Q(t,E) 
and ip(t) directly into equations (|4.551) - (|4.57|) . Note that in 
the present case of an instantaneous change in Q and %p, we 
can write equation (|4.66|) m self-similar form as f(t, E) = 
E*- X g{t = E/E c (t)), so 

j v (t,v) = V3er e sm{S 2 )B2E c {t) q - 2 (4.68) 
e q - S g(e)F syn (^ 2 j) de. 

This implies that the spectral index a(t, v) depends on t and 
v only through the combination h>/v c {i), where 

aB 2 



v c (t) = v 8 {E = E c (t)) = aB 2 E c (ty 



(4.69) 



is the synchrotron frequency corresponding to the cooling 
energy E c (t); the time-dependent prefactor of the integral 
in equation (|4.68[) does not modify the spectrum. This is 
another manifestation of the lack of a timescale associated 
with the infinitely fast transition. 

The radio emissivity can be computed analytically using 
the approximate form of F syn in equation (|4.54[) . This yields 



ju{t,v) = 



A q a 



1 



sin 2 012 



B?+B 2 . 

£ cmb 



(4.70) 



x[l + (tt-l)J,(C)] 
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where the functions A q and J g (C) ^ are denned in SjC] and 
C(^)-c 2 i = ^^. (4.71) 



' v c (t) aB 2 
Here, J 9 (C — > 0) = 1 and J 9 (£ — > oo) = 0, so 



•A, 



1 as f 
as t 



; 



(4.72) 



This guarantees that j v (t — 0) oc Qi/tpi, and j„(t — > oo) oc 
Q2 / ^2 , as expected. 

For flat (q = 0) injection 



and 



MO 



27c V3r(l + 



ci 



32?rci 



0.7 



r(i + ci) 



(4.73) 



(4.74) 



For comparison, the well known steady-state (72 = 1) result 
for q = 0, vj v = (Q 2 /2)sin 2 (5 2 )B|/(B 2 2 + B 2 cmb ), would 
be reproduced if Ao = 0.5. The normalisation error in equa- 
tion (|4.73[) arises from the approximation in equation (|4.54[) ; 
it does not affect the spectrum. 

The synchrotron spectrum corresponding to equa- 
tion (|4.70l) is given by 



x{t,v) = 



-!+£-- 
2 1 



+ (n-i)j q (0 



(4.75) 



where the function I q (Q is defined in iJC] For flat injection, 
equation 1)4.751) simplifies to 



a(t, v) 



-1 + 



1+0 



1 (0 + 



r(l + ei) 

n-i 



^Cr i+cl (C) 



(4.76) 



In Figs. 1 1411 161 we present the synchrotron spectrum 
arising from an instantaneous change in Q and in B. The 
deviation Aa = a — a s of the spectral index (see equa- 
tion H4.48[> ) from its steady-state value a 3 = — 1 + q/2 is 
plotted as a function of frequency, for q — and different 
values of 72 in Fig. 1141 and for different values of q in Fig. 1151 
Results are shown for both 72 > 1 and 1Z < 1; the former 
arises for example from magnetic amplification or a drop 
in injection, and leads to Aa ^ steepening, whereas the 
latter leads to Aa > flattening. The strongest steepening 
Aa ml „, typically found when v ~ v c (t), is shown in Fig. \W\ 
as a function of 7Z > 1, for different values of q. 

These figures show the outcome of the three expressions 
we have used for F 3yn : the exact formula equation (|4.53p (as 
solid curves), our approximate fit equation (|4,54|) (which 
leads to the spectrum in equations (|4,75|) an d (|4.76|) ; dot- 
dashed curves), and the 5-function approximation equa- 
tion (|4.58p (dashed curves). The results of our fit are in 
most cases indistinguishable from the exact solution, indi- 
cating that the analytical expressions in equations (|4,70J) - 
(I4.76|l provide good approximations to the actual results. 

The 5-function approximation of F ayn (nonphysically) 
avoids smoothing the CRE spectral features, resulting in an 
inaccurate a(u) profile that directly traces the CRE spec- 
trum (f>{E). The deviation of the CRE spectral index from 
its steady-state value <j> a — — 1 + q can thus be inferred from 
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Figure 14. Deviation in synchrotron spectral index Ace(v) = a— 
Os from a steady state a s , due to a sudden change in injection and 
magnetic field. Here, fiat CRE injection (q = 0) is assumed, and 
TZ (curves with Aa C 0) or TZ -1 (curves with Aq > 0) equals 16 
(red, thick curves), 9 (green), and 4 (blue, thin curves), with |Aa| 
monotonically decreasing among these values. Results are shown 
based on the exact F ayn (equation 14.531 solid curves), 



* syn approximation fcquation l4,54l or cquivalently cquation l 1.571 
dot-dashed; nearly indistinguishable from the exact results), and 
on the simple F ayn (£) — > <5(f — £0) approximation with Co = 1 
(dashed). The latter, with extremal values Aa el i = (1— 1Z)/2 (for 
q = 0), directly reflects the CRE spectrum; sec equation 1)4. 770 . 
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Figure 15. Same as Fig. 11141 . but with 1Z = 10 (curves with 
Aa 0) or 1Z = 1/10 (curves with Aa ^ 0), for power-law injec- 
tion indices q = (red, thick curves), —1 (green), and —2 (blue, 
thin curves) (large to small effect at high, v > v c frequencies). 



the figures, through 

E_ 

F 



Acf> 



4>—<t>s 



2Aa 



ME) 



(4.77) 



Finally, note that j v , a, and Aa do not show a simple 
symmetry under the transformations 1Z — > 1/72. or 1Z — > 
1 — 72. What is the effect of spatial or temporal variations in 
72, i.e. in CRE injection rate and magnetic field strength? 

4.5 Synchrotron imprint of a shock 

The shock transitions of the components involved in radio 
emission from clusters span a wide range of length scales. 
Consider a typical, weak, M ~ 2 shock in the ICM, with 
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Figure 16. Maximal synchrotron steepening shown by plotting 
the minimal Aa as a function of 1Z, for injection power-law indices 
q = 0, —1, and —2. Line styles are the same as in Fig. 1151 



a B d 
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- B cm t downstream magnetic field. Here we expect 
< 10 kpc precursor in which CREs and CRIs are 



amplified by a factor of M (see £14. 2[) , a negligibly narrow, 
A g ~ 10 km shock transition in which the ambient plasma is 



compressed by a factor r g = AM /(3 + M ) (see £14.1)) , and 
a A coo i ~ 200 kpc cooling layer in which the downstream 
CRE distribution relaxes to a steady state (see £14.3.31 and 
equation 1)4.830 ). These transitions are illustrated in Fig. 1171 
Some level of magnetisation is to be expected in a weak 
shock, but the details of this process are not well known. 
Weak amplification of B, by a factor of r g , is expected due 
to field line compression at the A 9 shock transition. Some 
additional field amplification is expected downstream, due 
to turbulent fluid motions, but this process in not well con- 
strained. The energy fraction £ p oc N p /n of CRPs in clusters 
varies as n , according to £]3] (and declines faster with ra- 
dius in previous models). It can reach several percent of the 
thermal energy density at peripheral relics, where CRIs may 
also play a role in the magnetisation process. For simplicity, 
below we parameterise the magnetisation as amplification of 
the magnetic field amplitude by some factor rs = Bd/B u , 
and assume that this is a rapid process, spanning a nar- 
row, As <C A coo i transition. Consider first the case where 
no further evolution of the magnetic field takes place down- 
stream; the results are later generalised for slow downstream 
evolution. 

In order to describe the synchrotron signature of a 
shock, we approximate it as infinite, planar, and stationary. 
We work in the shock frame, such that the gas compression 
layer is stationary at x = and approximated as being in- 
finitely thin. The flow is assumed to be in the positive x 
direction, such that 



x < — A cr 
-A cr < x < 
< x < A cool 

A coo l < X 



upstream (suffix u); 
CR precursor; 
cooling layer; 
downstream (suffix d); 



see Fig. 1171 We compute the synchrotron emissivity j v and 
spectrum a as a function of x, assuming a homogeneous 
background where n and N p are uniform; this is generalised 
for arbitrary initial distributions later. 

The synchrotron emissivity rises rapidly across the CR 
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Figure 17. Illustration of shock-induced transitions in N p (dot- 
ted), n (long dotted), N e (E) (solid), N e (E) (dashed), <f>(E) (dot- 
dashed), ju[v s (E)] (long dashed), and a[u B (E)] (long dot-dashed), 
plotted in the shock frame, with the shock front at x = and flow 
in the positive x direction. Nonspectral quantities (i.e. all but </> 
and a) are normalised to unity far downstream. We assume a 
weak, M = 1.5 shock with B u -C Bd ~ 2B cm0 , such that 7Z = 3. 
For illustration, we exaggerate the precursor (shaded pink) width 
A cr ~ D/v a as 10% of the cooling layer (shaded yellow) width 
^■cool ~ v d~tcool i an d neglect the width A 9 of the gas compression 
layer (horizontal line). 



precursor and the shock compression layers, over which both 
CREs and magnetic fields are amplified. Consequently, 



>(-A cr ) 



Bd 



= r B 



"SAT 



(4.78) 



Note that the CRI amplification does not modify the emis- 
sion near the shock, at distance much smaller than A coo z. 
Similarly, the magnetic field growth does not modify the 
spectra of the CREs and of their synchrotron emission this 
close to the shock. Therefore, if CRE injection is flat (q = 0) 
upstream of the shock, then immediately after the shock, 
<j)(x < A cooi ) = — 1 and a(x < A CO oi) = — 1 are unchanged 
by the shock transition. 

While the width A cr of the CR transition layer is typ- 
ically well below the resolution of present-day radio tele- 
scopes, the Acooi cooling layer may in some cases be re- 
solved. Therefore, we may use the scaling A 9 -C A cr «C 
Acoo; to approximate the magnetic and CR amplification 
layers as infinitely thin. The results of H4. 4. 31 for an instan- 
taneous change in Q and in B at some time t = then apply. 
Bear in mind, however, that we must substitute Q u — } Q u 
in order to account for CREs compression at the shock, as 
mentioned towards the end of £14.4.31 

With this substitution, the downstream CRE distri- 
bution f(x > 0, E) evolves approximately according to 
f(t > 0, E) in equation (|4.66l) . Here, f(t, E) can be regarded 
as either the CRE distribution in a Lagrangian fluid element 
that crossed the shock at time t = 0, or, equivalently, as the 
spatial CRE profile downstream of the shock, f(t(x),E), 
where t(x) = x/vd = xr g /v B . The synchrotron emissivity 
and spectrum are thus given by equations ()4.70)l and (|4.75p . 
In the limit of flat injection, which is a fairly good approx- 
imation in clusters, j v and a are given by equations (|4.74l l 
and (gTTgl , 

Figures [18] and [19] illustrate the synchrotron signature 
of a shock, for various choices of the injection power-law q 
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and the shock amplification parameters. As shown in £14.3.31 
the CRE distribution depends on the shock amplification of 
CRIs, CREs, and magnetic fields, only through the combi- 
nation 



Fere B^ -j- 



(4.79) 



1 + 



Bl + B 2 



where the compression factors of CREs and CRIs are given 



by r cre = r c 



and in the last line we assumed that 



B u <C -B cm b. It is therefore convenient to define the syn- 
chrotron emissivity normalised by its value far downstream, 



h(x, v) 



j v (x — > CO, v) 



l + (tt-l)J 9 (C) , (4.80) 



such that h(x, v) and Aa(x, v) depend only on q and 72. 

Moreover, equations (|4.80|) . (|4.75j) and (|4.71|) indicate 
that in the present approximation, where the widths of the 
transitions in Q and in B are neglected, h and Act depend 
on t and on v only through the combination 



C2- 



'<=(*) 



= C 2 



tcooiiy) 



(4.81) 



where t coo i(y) is the cooling time of a CRE with energy E 
related to v through v s {E) — v, explicitly given in equa- 
tion (|4.1|) . 

In the alternative, Eulerian picture, the profiles h(x, v) 
and Aa(x, v) depend on x and on v only through the com- 
bination 



A coo i(v) 



where 

A coo l(u) = V d t C ool(v) 

-y/em e c VB sin 5 



(4.82) 



(4.83) 



= 3^3^- 



(7 T 



B 2 + B 2 , 

crab 



-1/2 



160T 



1/2 



, 1^Jb~ d -i/2 

{1 + z) TT* d vJ 



M 2 + 3 



5M 2 



kpc 



and 



Here, T dl io = knTd/W keV is measured downstream, 
via is the observed frequency in units of 1.4 GHz. 

Accordingly, Figs. [18] and [19] show the syn- 
chrotron signature of a shock using the parametrisation 
h q ,iz(x/ A coo i{v)) and a q ^{x/A coo i(u)). Results for flat 
injection with different choices of 1Z are depicted in Fig. 1181 
while different choices of injection index q are shown in 
Fig. [H for fixed TZ = 10 and for TZ = 1/10. In the present 
definition of h, these results are valid only downstream; A 
generalised version in equation (|4.85p applies both upstream 
and downstream. 

As the figures show, the spectrum is unchanged as the 
emissivity jumps at the shock according to equation (|4.78|) . 
Farther downstream, h gradually changes, by a factor of 1/72. 
as x — > oo. This increase (decrease) in emissivity for 72 > 1 
(72 < 1) is faster for steeper injection, and is mostly achieved 
by x ~ 2A coo (. The decline (rise) in h is accompanied by 
spectral steepening (flattening), which is strongest at x < 
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Figure 18. Synchrotron signature of a shock at x = (dotted 
line), assuming flat CRE injection (q = 0). The spectral devia- 
tion Act (see equation I I4.48H ; upper panel) and the normalised 
emissivity h (see equation 114. 8511 ; bottom panel) arc plotted as a 
function of the normalised distance x/A cooI from the shock (with 
x increasing downstream). Results are shown for 72. = 10, 5, 2, 
1/2, 1/5, and 1/10 (long to short dashing). Equivalently, the ab- 
scissa may be regarded as the normalised time t/t coo [ that elapsed 
since a fluid clement crossed the shock. 
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Figure 19. Synchrotron signature of a shock for different CRE 
injection power-laws. Notations are the same as in Fig. OH but 
here we adopt q = 0, —1, and —2 (long to short dashing), shown 
for fixed 72 = 10 (dashed) and for 72 = 1/10 (dot-dashed). 



A coo i. Farther downstream, the spectrum gradually recovers 
its steady state value, roughly by x ~ 2A coo i. 

These results can be generalised for an inhomogeneous 
downstream, in which the initial distributions of gas and 
CRIs prior to the shock are not uniform. As long as the 
downstream magnetic field can be approximated as being 
constant, our analysis remains valid if we replace j v by its 
value normalised to the background CRE injection rate Q oc 
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N p n, 



OC T)j 



(4.84) 



Note that this is simply proportional to nrjj if the CRIs are 
homogeneously distributed. 

Strong variations in the magnetic field complicate the 
analysis, because they imply a superposition of jumps in 
TZ which involve significant spectral variations. However, if 
the magnetic field changes slowly such that the spectral de- 
viations can be neglected, the results shown above and in 
Figs. I18l and ll9l remain approximately valid with the gener- 
alised definition 



h(x, v) 



\QB 2 -i/ 2 



3 A 



N p nb-i/ 2 
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QB 2 -i/ 2 
>(l + 6- 2 ) n 
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N p n 



N p n 



(4.85) 



where in the last line we assumed that the magnetic field is 
strong, B 3> B cm b- Here and below, the limit x — > oo can 
be replaced by any finite x 3> A coo ( position downstream in 
which the magnetic field does not change appreciably. For 
example, in a strongly magnetised cluster where CRIs are 
homogeneously distributed, equation (|4.85p becomes simply 



h(x, v) 



n 0%,0 



(4.86) 



Note that although the two definition of h, in equa- 
tions (|4.80p and (|4.85[1 . agree downstream if the initial 
plasma is homogeneous, they differ in general upstream. 
Figs. [18] and [19] are valid upstream only using the defini- 
tion of h in equation (|4.85[) . 

It is interesting to compare the (normalised) syn- 
chrotron emissivity immediately behind (downstream of) 
the shock with its value far downstream. This may be writ- 
ten as h(x = 0+, v) — TZ, valid for all (constant) q, as seen 
for example from equation (|4.80p , where J,(C = 0) = 1, 
J q ((, — > oo) = 0, and 0+ denotes the downstream side of 
the shock front. This result is easily understood by noting 
that h(x) is proportional to the deviation of the CRE dis- 
tribution f(x) from its local, asymptotic steady-state value 
J~(x) oc Q/i/j. In the steady-state far downstream, there is 
no such deviation. But immediately behind the shock, / is 
still given by the upstream (i.e. before the precursor) steady 
state T u , enhanced by a factor of r cre due to the CRE com- 
pression, whereas the local steady-state is Td- Consequently, 

h(x = o+) = fa/FdXQu/Qu) = n. 

Similarly, consider the jump in synchrotron emission 
across the shock, i.e. in the present approximation, across 
the CR precursor and the shock compression layer. The 
emissivity ratio rj, given by equation (|4.78[) , translates to 
a jump by a factor of TZ in the normalised emissivity h, 



h(x = 0+) 



// ( a 



'J? 



-2+i 



TZ 



(4.87) 



This can be understood using the same reasoning applied to 
the h(x — 0+) = TZ result above, as the upstream distribu- 
tion is assumed to be in a steady-state. We conclude that h 
is unity upstream, jumps by a factor of TZ at the shock, and 
gradually returns to h — 1 far downstream. 



These results are valid, for example, at ^> A cr distances 
from an outgoing relic shock that crossed the centre of a 
cluster. If the magnetic field remains strong (B S> B cm ^) 
behind the shock, at all radii r < r s h, then the ratio between 
the peak radio emissivity in the relic and in the cluster's 
centre may be written as 



h(r ah - 



TZ 



(4.88) 



The emissivity ratio across the shock may similarly be writ- 
ten as h(r s h-) /h(r s h+) = TZ. However, this can translate 
to different emissivity or r] ratios, depending on shock mag- 
netisation. Namely, the emissivity enhancement by the shock 
(see equation (|4.78l) ~) may be written as 

Vj( r sh-) _ Tj _ 



7 r B 



ah+) 



(4.89) 



which is large in a weak shock only if Bd 3> B u . 

In summary, the downstream profiles of synchrotron 
brightness and spectrum crucially depend on shock mag- 
netisation, through the parameter TZ > 0. Three qualitative 
behaviours can be distinguished (assuming injection with a 
fixed power-law q): 

(i) TZ > 1 is expected if shock magnetisation is strong in 
the sense that ipd/tpu > r g . Here, h(x) jumps by a factor of 
TZ at the shock, and gradually returns to unity downstream, 
accompanied by spectral steepening. The steepening is max- 
imal ~ A coo i downstream of the shock. More precisely, the 
maximally steep spectrum The spectrum flattens back to the 
steady state farther downstream; a a = (g — 2) /2 is roughly 
recovered by 2A coo ;. For example, for flat (q = 0) injection 
and < TZ < 10, equation (|4.76|) implies that the steepest 
spectrum is well fit by 



Aa : 



-0.22(r- 1)°' 91 (1 



0.23 bur) 



reached at 



x/A cooi ~ 0.635r°' 396 (l- 0.145 lnr) 



(4.90) 



(4.91) 



For TZ > 2, both a large magnetic amplification factor 
tb = Bd/B u and a strong, Bd > B cm t field downstream are 
necessary; the emissivity must therefore significantly jump 
across the shock. 

(ii) TZ < 1 is expected if shock magnetisation is weak 
in the sense that ipd/ipu < T B . This occurs, for example, if 
Bd <S B cm b, regardless of tb- Here, h(x) drops by a factor 
of TZ~ 1 at the shock, and gradually increases back to unity 
downstream. This is accompanied by spectral flattening, 
which is maximal close to the shock front, at x < A coo ;/2. 

(iii) The special case TZ = 1 occurs if magnetisation and 
shock compression are precisely balanced. The downstream 
profiles of h(x) and ct(x) are uniform and indistinguishable 
from a steady state. 

In all three cases, the emissivity jump at the shock may 
be large, depending on rs- Some additional changes in j(x) 
and a(x) may take place downstream, if the magnetic vari- 
ability is significant. Incoherent spatial or temporal varia- 
tions in B typically introduce only a weak, —0.1 < Aa < 
steepening, but CRE diffusion could substantially steepen 
the spectrum; see H4.6I 

Finally note that the above discussion of the emission 
downstream of a shock applies also for a "magnetisation 
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front", in which turbulent motions induce enhanced mag- 
netic fields behind a subsonic, propagating wave. This sce- 
nario corresponds to the 1Z > 1 case because r g — > 1, al- 
though 1Z is near unity if Bj <C B cm i,. The discussion does 
not however apply for a tangential discontinuity such as a 
cold front, where although the magnetic field shows a jump 
across the discontinuity, the flow is parallel to CF. 



4.6 Irregular, evolving magnetic fields, and CRE 
diffusion 

The above analysis neglected CRE diffusion, and assumed 
that the magnetic fields are constant away from the near 
vicinity of shock fronts. Both assumptions should be relaxed 
if diffusion is strong and if the magnetic field is turbulent. 

Here we present a highly simplified picture of diffusion 
and turbulence, by examining the synchrotron signature of 
CRE diffusion across magnetic irregularities in £14.6. 11 and 
of temporal variations in the magnetic field in i]4.6.2l Both 
effects lead, in general, to radio brightening and spectral 
steepening. 

4-6.1 CRE Diffusion in an irregular magnetic field 

In £16 . Tl we show that the homogeneous distribution of CRIs 
inferred from observations can be explained by invoking 
strong diffusion, with coefficient D > 10 32 cm 2 s -1 for 
~ 100 GeV CRIs. This would imply that CREs diffuse sim- 
ilarly, so 1.4 GHz-emitting CREs could travel a distance of 
up to ~ 200 kpc before cooling, much farther than the typ- 
ical coherence length of the magnetic field. Magnetic irreg- 
ularities on smaller scales would therefore modify the prop- 
erties of the radio emission. 

The combination of magnetic irregularities and strong 
diffusion leads, in general, to radio brightening and spec- 
tral steepening with respect to the homogeneous case. To 
see this, consider the effect of spatial gradients in B, ne- 
glecting temporal irregularities which are discussed in ^4.6.21 
Assume, for simplicity, that CRE injection is homogeneous. 
The results can be qualitatively understood by considering 
the local steady state of / in the absence of spatial or tem- 
poral gradients, T = Q/(Etp). 

As CREs wonder through regions of different magneti- 
sation and cool, their local distribution ■Fa(r) ~ Q/(Eip a ) is 
regulated by a locally averaged cooling parameter ip a (jc) oc 
B 2 + B 2 mb . Excessive cooling takes place in highly magne- 
tised regions, where the magnetic field amplitude B+ > B a , 
leading to brighter emission, locally, than would be expected 
even if the entire ICM was highly magnetised to the same 
level B+, because ^(Ba) > J-(B+). The enhanced cooling in 
these regions leads to local spectral steepening of the CREs; 
spectral flattening can take place in nearby regions where 
the magnetic field is weaker. 

Integrating the synchrotron and inverse-Compton emis- 
sion from CREs over a large region recovers the steady-state 
luminosity, dictated by the injection rate. However, under 
the present assumptions, the radio signal is irregular, and 
the inverse Compton emission does not fall in the radio 
band. Hence, the radio luminosity of a source depends on 
the definition of its volume. Adopting some noise threshold 
would highlight the strongly magnetised regions, where the 
emissivity exceeds the average and the spectrum is steep. 



Quantitatively, under the above assumptions one should 
replace the CRE evolution equation (|4.21[) by the PDE 

dtN(t, E, r) = N+ — d E {^^) + V(HVJV) , (4.92) 

where we assumed that the diffusion is isotropic. In a steady- 
state, and assuming that the diffusion is also homogeneous, 
this equation may be written as 

Q-V<9x/ + DV 2 / = , (4.93) 

generalising equation (|4.22|) . 

In order to demonstrate the brightening and spectral 
steepening of the strongly magnetised regions, consider the 
case where the diffusion coefficient has a power-law energy 
dependence D oc E d with d < 1, and is independent of 
the magnetic field on the scales affecting tp. Here we may 
formally solve equation (|4.93|) by expanding in powers of 
D/E, 

1\ {D/Ef 



1 + VM 4 



(4.94) 



+ V 2 



(D/Ef 



+ ■ 



(2 - d)(3- 2d) 

This expansion diverges at low energies. Consider high en- 
ergies where the second term in the expansion dominates 
the correction to the steady-state solution T. This term is 
positive (negative) in magnetic field maxima (minima), in- 
ducing radio brightening (dimming) and spectral steepening 
(flattening), as argued qualitatively above. 

An analysis of realistic magnetic configurations is be- 
yond the scope of the present work, so we consider highly 
idealised magnetic configurations. Assume, for example, that 
the magnetic fields configuration is spherically symmetric. 
The spectral index of the CREs in the origin is then given 
by 



d a 2 / 

+ Q dr 2 



(4.95) 



For a monotonic B(r) distribution peaked at the centre, 
/ exceeds T at r = 0, but is still a minimum there, so 
d 2 f /dr 2 > 0. Spectral steepening arises when the curvature 
term in the parenthesis is larger than (/ — T)/T. 

As a specific example, consider a configuration where 
the magnetic field is elevated to a constant amplitude B 
within a ball, and is negligible outside it. Solving the steady- 
state equation (|4.93[) for this configuration leads to a steep 
spectrum when B is large, for CRE energies near ~ Eq, at 
which the diffusion length is comparable to the diameter of 
the ball. The spectrum is shown for various choices of B in 
Fig. 1201 both in the centre of the ball where the spectrum 
is steepest, and averaged over the ball, assuming a constant 
diffusion function. The spectrum is modified if D is assumed 
to vary with E or with B. 

4-6.2 Magnetic variability 

We have seen that substantial spectral variations may arise 
from rapid changes in the injection rate and in the mag- 
netic field strength. Some level of temporal variations in Q 
and B on the relevant, < t coo i timescales is inevitable in 
any plausible ICM configuration. In addition, the combina- 
tion of CRE diffusion and magnetic inhomogeneities may 
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Figure 20. CRE logarithmic spectral index <^ = 2 + s p ~l + 2a 
in the centre of (solid lines), and averaged over (dashed lines), 
a magnetised ball with B/B cmb = 0.3, 1, 2, and 5 (top to bot- 
tom curves). Results are computed by numerically solving equa- 
tion 114. 9311 . assuming constant and flat injection Q, a constant 
diffusion coefficient D, and negligible magnetic field outside the 
ball. 
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Figure 21. Spectral deviation Aa(u) from a steady state in- 
duced by oscillating magnetic modes with period T and amplitude 
AB, after averaging over the oscillation phase. Results are shown 
for AB/B cmb = 0.1 (dotted curve), 0.5 (dot-dashed), 1 (solid), 
Vo (maximal steepening; dashed), 4 (long dashed), and 10 (very 
long dashed). Results arc computed using equations I I4.55H and 
I I 1.571 1. assuming constant and flat injection. 



effectively be regarded as CRE evolution in the presence of 
time-dependent magnetic fields. We next consider the spec- 
tral signature of CREs steadily injected with a flat spectrum 
(Q = const.) into a dynamically magnetised ICM; the gen- 
eralisation for steep or variable injection is straightforward. 

Coherent variations in B can lead to substantial — in 
principle, arbitrarily large — changes in the CRE spectrum, 
as in the extreme case of a sudden magnetic jump discussed 
in i]4.3.3l However, two effects combine to diminish the ra- 
dio signature of typical magnetic variations: incoherence and 
synchrotron spectral smoothing. Consequently, the spectral 
deviations from steady-state radio emission, expected due to 
space-time magnetic variability in the ICM, are small away 
from shocks, as illustrated in Fig. 1211 

Consider a time-dependent magnetic field configuration 
which is statistically in a steady state, in the sense that the 
magnetic field in the region integrated by the radio beam 
of frequency v does not coherently change over < t coo i(X v ) 
timescales. The time dependence of B in different regions 
may be decomposed into oscillatory modes of period T, 
B T (t) = Bo+AB sm(0+27rf/T). Each such mode could have 
a substantial spectral signature in the radio, provided that 
the amplitude AB of the oscillation is not small compared 
to (Bq + Semi;) 1 '' 2 - However, the steady state assumption 
implies that the phases 8 of different such modes are not 
correlated, so the accumulated spectral effect is suppressed. 

Fig. [2T] shows the deviation Aa(v) in the radio spec- 
trum introduced by modes of a well defined period T, after 
averaging out the phase 6. We compute Act for each mode 
using equations (|4.55|l and (|4.57p . for Bo = and different 
values of AB, assuming constant and flat CRE injection. 
Some spectral signature is seen to survive the phase aver- 
aging. The main effect is weak spectral steepening around 
the synchrotron frequency of CREs for which the cooling 
time t coo i{X v ) ~ T. This steepening is maximised when 
AB = 3 1//2 B cm (,. 

Magnetic modes of period T lead to a CRE spectrum 
which is quite different from the corresponding radio signa- 
ture shown in Fig. 1211 In addition to the t coo i (E) ~ T steep- 



ening, which arises from the last rise in B during the most 
recent oscillation period, the phase-averaged CRE spectrum 
<f>(E) shows additional, oscillatory deviations at lower ener- 
gies. These low energy spectral features are the accumulated 
effect of previous Brit) oscillation cycles, and can be quite 
strong. However, they are effectively erased when convolving 
the CRE distribution with F syn . 

The observed radio spectrum involves an integration 
over all magnetic modes in the beam, weighted by their re- 
spective amplitudes. The outcome is, in general, mild steep- 
ening, weaker than shown in Fig. 1211 To estimate the overall 
effect of an arbitrary magnetic configuration, it is convenient 
to consider the <5-function approximation of F syn in equa- 
tion (|4.58|l , keeping in mind that spectral features spanning 
less than a factor of ~ 2 in v are erased by the convolution 
with the true F svn . 



In this approximation (c/. equations (|4.62p - (14.64l) ) 



Vjv{t, V) OC 



(4.96) 



a{t,u) = -1- 



where ipi and if) a are respectively the values of ip at time i, = 
t — Tcooiixv) and time-averaged between U and t. This shows 
that if B gradually increases (decreases) over a timescale 
> t coo i, the spectrum steepens (flattens) as the emissivity 
increases (decreases). Consequently, brighter emission is on 
average steeper than faint emission, and the overall effect is 
that of steepening. 

More quantitatively, the observed deviation from a 
steady-state spectrum may be written as 



(AaM) = + 1 = ~ WbM) 



(4.97) 



(>) 2{i> B /i> a ) 

where we defined (C(tp)) as the average of the functional 
C(ip) taken over the beam or, if accounting for diffusion, 
over the histories of CREs ending up in the beam. The 
two terms in the numerator are dominated by regions which 
are presently (at time t) radio bright, or were relatively ra- 
dio dim since ~ t — tcooi- Such regions are more likely to 
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have experienced recent magnetic growth. If the character- 
istic timescale of such growth exceeds ~ t coo i , then we may 
expect {ijiB/ipa) < {ips/ipi), implying spectral steepening. 

Equation (|4.97[) shows how magnetic configurations — 
even with constant (B) — can be constructed to yield ex- 
treme steepening or even flattening. However, non-coherent 
configurations tend to yield a mild, 0.1 < Aa < spectral 
steepening. This is the case, for example, in magnetic turbu- 
lence, corresponding to a power law weighting of the modes 
shown in Fig. 1211 



5 TIME-DEPENDENT, SECONDARY CRE 
MODEL FOR HALOS AND RELICS 

In |3] we presented evidence that the CRI distribution is 
homogeneous within GHs, and that modeling radio relics 
and halos as emission from secondary CREs produced by 
the same CRI population explains several observations, and 
resolves some of the open questions outlined in 321 However, 
the steady-state secondary CRE model fails to account for 
some observations, such as the relatively high radio to X- 
ray brightness ratio of the relics, the spectral steepening 
behind some relics, steep spectrum GHs, and evidence for 
a connection between these steep GHs and the presence of 
relics. 

In order to test the model more precisely and possi- 
bly resolve such outstanding issues, we studied in the 
temporal evolution of CREs and the resulting synchrotron 
signature in various scenarios, in particular following weak 
shocks such as those suspected to energise relics. For a given 
CRP spectrum, the profiles of synchrotron brightness and 
spectrum behind a wave front depend on a single parame- 
ter 1Z, which is sensitive to the wave-induced magnetisation 
and compression. In particular, strong magnetisation, where 
TZ > 1, leads to enhanced emission near the shock and spec- 
tral steepening behind it. 

Here we combine the results of the previous sections, 
and model both relics and halos as emission from sec- 
ondary CREs produced by a population of homogeneously 
distributed CRIs, taking into account the time-dependence 
of the magnetic fields and of the CR distributions. 

The phenomenological background used here is sum- 
marised above in M3.5I and the shock model is summarised 
in EI4.5I above. In ^5. II we present the model and its main 
predictions. In H5.2I we test the model against well-studied, 
individual halo clusters which also harbour a relic or an iden- 
tified shock. In i\5.3\ we apply the model to our sample of 
relics presented in iJSJ an d use it to estimate the magnetisa- 
tion efficiency. In H5.4l we discuss how the radio spectrum and 
its curvature gauge the recent magnetic evolution. Finally, 
in H5.5I we examine the connection between steep spectrum 
GHs and the presence of relics, and argue that it reflects a 
recent merger. 

The derivations of the CRI energy density u p and spec- 
trum s p are deferred to ij6] where various implications of the 
model are discussed. 



5.1 Model Description 

5.1.1 Steady-state radio emission from the ICM: I v is 
•proportional to the column density of magnetised gas 

We have shown in ij3]that GH observations, in particular the 
morphologies of flat-spectrum halos, imply a homogeneous 
distribution of CRIs if the emission arises from secondary 
CREs. Moreover, relics can then be explained as emission 
from secondary CREs produced by the same CRI popula- 
tion, although their radio emission is slightly elevated, sug- 
gesting recent magnetisation as described below. 

In general, we conclude that for steady state CRI in- 
jection and magnetic fields, away from additional radio 
sources such as radio galaxies and AGNs, the radio emis- 
sion throughout the ICM is given by 

/B 2 
n 2 — dl , (5.1) 
° + -"cmb 

where the coefficient ci is approximately constant within a 
cluster, and the integration is performed along the line of 
sight in the direction f. Here, a steady state is defined as 
slow changes with respect to the CRE cooling time in equa- 
tion (|4.1[) ; deviations in equation (|5.1[) due to fast temporal 
changes are discussed below. 

We may determine ci from flat spectrum, regular GHs, 
which are believed to be highly mag netised regions with 
steady state CRE injection and fields ()Kushnir et al.l [20091 . 
and KL10). Here, the integral of equation (|5.1[) becomes, ap- 
proximately, the column density of the gas. Computing the 
central column densities using j3 models for the GHs in the 
present sample and in the sample of KL10, we find central 
ci values in the range 

ci = io~l 30 - 9 > 31 - J ] er g s -1 gter -1 (5-2) 

(t^W) 

We used radio observations at frequencies near 1.4 GHz to 
determine cj, but the result is nearly independent of fre- 
quency for the flat, a ~ — 1 radio spectrum observed. 

5.1.2 Flat spectrum halos: I v oc A n becomes I v tx Fx in 
weakly magnetised regions 

For the most part, flat-spectrum halos are believed to be in 
a steady state in which the CRE injection rate Q and the 
magnetic field amplitude B do not change significantly on 
< tc 00 i time scales. The emission from such halos or parts 
of halos follows the CRI distribution and so shows a flat, 
a ~ — 1 spectrum. Weak steepening may be induced by the 
energy dependence of the cross section for secondary par- 
ticle production (|Aq| ~ 0.1-0.4, depending on the CRP 
spectrum; see KL10) and by perturbations about the steady 
state values of Q and B (\Aa\ < 0.1; see £|4.6.2[) . Stronger 
steepening if CRE diffusion is strong and the magnetic field 
is spatially irregular; see i]4.6l 

The morphological properties of steady-state halos — 
both GHs and MHs — were discussed by KL10, but the 
CRI distribution was not well constrained. The morphology 
can be described more accurately here, in the context of a 
homogeneous CRI distribution, using equations (|5.1[) (|5.2|) . 

Assuming that the central halo regions are highly mag- 
netised (b = B/B C mb 1), the radio brightness is linear in 
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the gas column density, I v oc A„. If, in addition, the X-ray 
data is well fit by a /3 = 2/3 model, then I v oc F x 3 . Indeed, 
central, regular X-ray regions of select clusters show a radio- 
X-ray correlation /„ ~ F x 3 (equivalently, rj oc F x 2 ^ 3 ), and 
the radio brightness follows the column density computed 
from the corresponding /3-model, I v ~ A„ . This includes the 
relaxed, r < 400 kpc regions in A665 and in A2163, and the 
NW sector of A2744. (The X-ray morphology of A2744 is 
highly irregular, but it bears great resemblance to A2163 in 
the radio.) 

In weakly magnetised regions, such as in the halo's pe- 
riphery, the radio emission is diminished. Adopting the char- 
acteristic scaling B 2 oc n, in which the magnetic energy den- 
sity is a fixed fraction of the thermal energy density, yields 
I v oc Fx in such regions. Indeed, the gradual transition from 

1/3 

I v ~ F x to I„ ~ Fx behaviour beyond some radius is con- 
sistent with the observed profiles shown in N3.4.3I 

Substructure enhances the X-ray emission, slowing the 
radial decline oiFxif), but has no effect on the radio bright- 
ness. The combination of substructure, weak magnetisa- 
tion outside the core, asymmetry, and contaminations, often 

1/3 

masks the underlying l v ~ F x profile, leading to the linear 
or mi ldly sublinear I v —Fx relations reporte d in the litera- 
ture (|Govoni et al.ll200ll ; iFeretti et al-lboOll . and KL10, in 
clusters including A2163 and A2744, shown in i)3.4.3l to fol- 
low /„ oc F x in relaxed regions). This is particularly true 
if equal area bins, rather than radial bins, are used, thus 
emphasising the peripheral regions. Close inspection and re- 
moval of irregular X-ray regions is needed in order to recover 
the underlying scaling. 

5.1.3 Relic observations imply temporal magnetic growth 
in the fluid frame 

The identification of halos and relics with strong, B > B cm b 
magnetic fields, and the association between relics and weak 
shocks, are discussed in SJH above. Consider first the case of 
peripheral relics, where the model is challenged by the weak, 
B < B cm i steady-state (upstream) magnetic fields expected 
due to the low ambient density. In order to reconcile the 
above observations, the magnetic field must be locally ele- 
vated in relics. Two types of relic magnetisation models are 
possible. 

In one model, the elevated magnetic field is approxi- 
mately constant in time in the fluid frame. This is the case, 
for example, in a magnetised clump that retains its integrity 
as it moves through the ICM. This is essentially the simple 
model studied in SJ31 failing to reproduce the spectral steep- 
ening behind relics, and their association with steep halos. It 
also fails to account for the elevated radio brightness, which 
saturates as ~ B 2 /{B 2 + B 2 mb ) with an increasing magnetic 
field strength. Therefore, this simple model could only apply 
for a subset of relics, and may require a local enhancement 
of CRs in order to explain the bright radio emission. 

The second model, presented here, identifies a relic with 
a recently amplified (or still rising) magnetic field in the fluid 
frame. This occurs most probably in a propagating magneti- 
sation wave, presumably — but not necessarily — a shock 
wave. In this model, the fluid frame sees a rapid rise in 
magnetic field, on a timescale shorter than the CRE cool- 
ing time tcooi, so the analysis of i)4.5l applies. In particular, 
strong magnetisation with bd = Bd/B cm b > 1 corresponds 



to the case Ti, ~ (1 + b d )/r g > 1. Here, the emission is 
strongly enhanced at the shock, but declines downstream 
over a timescale ~ 2t coo i , accompanied by spectral steepen- 
ing culminating around ~ t coo i. 

5.1.4 Dynamic Magnetisation model: main properties 

In this wave model, a shock associated with the relic would 
have to be weak. This is partly based on observational con- 
straints, which support the presence of M < 3 shocks at 
the edges of relics (although no such a peripheral shock has 
been confirmed thus far). In addition, the correlations be- 
tween relic and halo properties discussed in [JD and [J3] in- 
dicate that relic shocks cannot be sufficiently strong to ap- 
preciably accelerate primary CREs. Note, however, that the 
model applies equally well to ingoing (infall, say) or outgoing 
(merger, say) weak shocks. 

The synchrotron emissivity and spectrum behind the 
shock were derived in £|4. 41 and in i]4.5l They are given by 
equations (|4.70l) and (|4.75l) . with the supplementing defi- 
nitions in equations (|4.7ip - (|4.72|) and in SjC] In the limit 
of flat injection, which is a fairly good approximation in 
clusters, j v and a are given by equations (|4.70|l . (|4.73l l 
(14.7411 . and (|4.76|) . In this limit, maximal spectral steepen- 
ing is approximately given by equations (|4.90|) - (|4.9II) . The 
shock-induced brightening and subsequent steepening are il- 
lustrated in Figs. 1181 and If 91 (curves with 1Z > I). 

Qualitatively, this synchrotron signature can be simply 
understood as the evolution of the CRE distribution from a 
high- to a low-density state. Upstream, the CRE density is 
in a steady state regulated by cooling off (the CMB and) the 
weak upstream magnetic field, iF u oc Tp^ 1 oc (1 + 6^) -1 ~ 1- 
This CRE density is higher or much higher than in the 
downstream steady state, Ta. oc (1 + b 2 ,)' 1 < I. The strong 
downstream field causes the CREs to synchrotron radiate 
profusely, until the new steady-state is reached at a dis- 
tance ~ 2A coo i downstream. This transition from a high 
to a low steady-state density depends on the CRE energy 
and so occurs gradually, with high energy CREs responding 
faster. This leads to the spectral steepening, which is maxi- 
mal ~ Acooi downstream of the wave and can be substantial 
if bd is large. Note that both t coo i and A coo ; are frequency 
dependent; see equations (|4.f \ and (14.8311 . 

5.1.5 The model explains the brightness and spectrum 
profiles of relics 

Taking cognizance of the radio signature of a wave resolves 
several of the outstanding discrepancies outlined in ^2] and 
Ej3j as we show qualitatively here and confirm more quanti- 
tatively in H5.2l and H5. 31 below. 
In particular: 

(i) The elevated radio brightness of relics pointed out in 
'j'J. 51 is naturally explained by the wave model. 

We showed that extrapolating the radio brightness of 
GHs to the peripheral relics yields a relic brightness which 
broadly agrees with observations but is consistently too low, 
by a factor of ~ 2-3. This discrepancy was discovered by 
examining relics and halos found both in the same cluster 
and in a sample of different clusters, focusing on the most 
radio-bright points along relics, and assuming that the ho- 
mogeneous distribution of CRIs derived in GHs persists out 
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to large scales. Note that the discrepancy would be worse 
if the CRI distribution was to decline at large radii, for ex- 
ample in a model where CRIs are injected at small or large 
radii and subsequently evolve adiabatically. 

In the present, wave model, the extrapolated relic bright- 
ness must be modified, by multiplying the expected peak 
brightness by a factor of 1Z. Peak magnetic fields Bd > B cm f, 
would suffice to match the theory with observations. Such 
magnetic fields are indeed plausible in the downstream of 
the weak peripheral shocks associated with relics, as argued 
in j j3X3] 

(ii) The flat spectrum and downstream steepening ob- 
served in some relics (e.g., in A521, A3667, A1240, A2256, 
and A2345) naturally occur in the wave model. 

Regardless of 1Z, the CRE spectrum just behind the shock 
has the steady state value, i.e. a = —1 if the CRP spectrum 
is flat, because the CREs had no time to cool. However, 
the CRE density just behind the shock is elevated (sup- 
pressed) with respect to its downstream steady-state, which 
is regulated by a strong magnetic field, if 1Z > 1 (1Z < 1). 
The subsequent transition to the downstream steady state 
is accompanied by spectral steepening (flattening), in both 
frequency and distance from the relic. The effect is stronger 
for larger \1Z — 1|, and vanishes completely for 1Z = 1, for 
which the spectrum is uniform. If 72. > 1 and the emission 
far downstream is not detectable, the synchrotron profile 
downstream is indistinguishable from that of primary CRE 
models with (unrealistically) flat injection. 

Previous studies have attempted to model relics, with lim- 
ited success, using primary CRE models. In the present, sec- 
ondary CRE wave model, the predicted emission resembles 
that of such primary CRE models, with a few notable ex- 
ceptions: 

(a) in the present model, the spectrum at peak bright- 
ness is flat, whereas a steep spectrum is always expected 
in primary CRE models due to the weakness of the shocks, 
as shown in $2] 

(b) In the present model, the degree of steepening 
should vary among relics according to their different 7Z 
values; strong steepening is expected for 7Z > 1, while 
very little to no steepening is expected behind 7Z ~ 1 
relics. In extreme cases where compression is stronger than 
magnetisation such that 1Z < 1, downstream flattening is 
expected. 

(c) In the present model, radio emission downstream of 
a shock does not necessarily vanish, as CREs are continu- 
ously injected into the plasma. In some cases, depending 
on 1Z, A n and the magnetic profile, this can lead to a radio 
trail behind the relic, to a halo-relic bridge, or to a radial 
halo protrusion, as discussed below. 

This is precisely the observational situation: most relics show 
a spectrum much flatter than anticipated in primary models 
(see ij2j; different relics show different degrees of steepening, 
ranging for strong {e.g., in A52I) to weak or none [e.g., 
A1240, Coma); and some relics show an inward radial trail, 
in some cases forming a continuous halo-relic bridge {e.g., 
in Coma, A2255, A2744). 

Note that some relics show outward, rather than inward 
steepening. This is the case, for example, in the Western relic 
in A2345 (A2345-1), found to wards the possibly merging 
group XI jBonafede et alj|2009l ). Such a relic may arise from 



an ingoing shock, for example in front of an infalling clump, 
or from a projected, oblique, outgoing shock. It could also 
arise from an outgoing shock with 1Z < 1, but this would 
not produce a sharp inward cutoff as seen in A2345-1. 

The brightness and spectrum profiles near relics and 
halo shocks are examined quantitatively in well studied halo 
clusters in £]5.2I and in our sample of relic clusters in £15.31 
Such tests gauge 7Z, and thus provide a measure of the mag- 
netic field amplification in the shocks. 

5.1.6 The model explains the halo-relic connections 
observed 

The time-dependent, secondary CRE model explains the 
various connections between halos and relics outlined in iJJl 
which are largely unexplained by alternative models. These 
connections are natural in the model, because relics and ha- 
los are essentially modeled by the same process, namely sec- 
ondary CREs produced from the same CRI population, syn- 
chrotron emitting in strong magnetic fields, although relics 
require a minor time-dependent correction. 

This includes the exceptional halos and relics, which do 
not follow the bimodal, standard classification between halos 
and relics according to their morphologies and polarisations. 
Thus, although most halos are morphologically regular and 
unpolarised, some of them show an irregular, clumpy or fila- 
mentary morphology, or a strong polarisation. One example 
is the irregular, strongly polarised halo in A2255. 

In the present model, CRE injection is similar in halos 
and in relics, so the main difference between them is the 
magnetic configuration, which determines the radio mor- 
phology and polarisation. Thus, a relaxed magnetic field 
configuration corresponds to regular, unpolarised emission 
classified as a halo, whereas a disturbed magnetic field would 
lead to an irregular profile, which would be polarised in re- 
gions where the magnetic field is ordered, for example in 
the wake of a shock where it would be classified as a relic. 
An ICM harbouring merger shocks would therefore be clas- 
sified as a halo once the overall field is sufficiently amplified, 
featuring a smooth transition from a central relic or several 
relics to a halo. Interestingly, it was recently suggested that 
A2255 should not be classified as a halo, but rather as an 
ensemble of relics (IPizzo et al.ll2010l V 

Similarly, the model explains why relics qualitatively 
show a correlation between radio and X-ray emission sim- 
ilar to the correlat i on fo und in GHs, as reported by 
ICiovannini fc Ferettil |2004l ). Note that a similar correlation 
is also found in the brightness and coincident luminosity of 
MHs (KL10). These correlations are similar in our model 
because the radio emission arises from the same CRI popu- 
lation, scattering off the X-ray gas. 

As mentioned above, the model explains the flat spec- 
trum and inward steepening observed in relics. It also ex- 
plains why steady-state halos and relic edges show the same 
spectrum, as they directly reflect the same CRP spectrum. 
Moreover, is also explains why some halos show spectral 
steepening with increasing radius, similar to that found 
downstream of relics. Indeed, if the magnetic field at the 
periphery of a halo is growing in time, the resulting tem- 
poral CRE evolution would be analogous to that expected 
downstream of a relic. 



© 2010 RAS, MNRAS 000, [Q-?? 



40 Uri Keshet 



Finally, as mentioned above, our model predicts ex- 
tended, faint radio emission downstream of a shock, which 
may manifest as the observed halo-relic bridges or radial 
halo protrusions, as shown below. As discussed in ij2] such 
radio emission bridging a halo and a shock is unnatural in 
previous models, which attribute halos and relic to different 
CRE populations, as fine-tuning is required to explain the 
smooth brightness and spectrum profiles. 

5.1.7 Emission between a halo and a shock: radio bridges 

The properties of radio emission in the region between a 
halo and a shock depend on the magnetic field profile, the 
distance of the relic, and the value of the parameter 7Z. 

If the magnetic field decays rapidly behind the shock, 
on a timescale shorter than the shock crossing time, then 
radio emission will be appreciable only immediately behind 
the shock, and the emission will be classified as a halo and 
a relic, well separated from each other. 

However, it is more natural to assume that the elevated 
magnetic field behind the shock remains high over a dy- 
namical time, longer than the shock crossing time. In such 
a case, the halo and the shock would be connected by a 
strongly magnetised filament. It is plausible that the mag- 
netic field would decline radially along the filament due to 
the radial decline in ambient density, however this is un- 
certain because merg er shocks tend to strengthen with in- 
creasing radius (e.g., IVazza et al.ll201(ih and because shock 
magnetisation is not well understood. 

In the part of the filament where the magnetic field is 
strong, B > B cm b, radio emission would be linearly pro- 
portional to the column density, as in equation (|5.1[) . It is 
likely that the surface brightness would decline radially due 
the column density profile, even if the magnetic field slightly 
increases with radius. 

The radio profile near the shock front depends on 1Z. For 
1Z > 1, emission from the shock region would be brighter 
than the emission farther downstream, at least when nor- 
malised by the local density, and the emission would be clas- 
sified as a relic connected to the halo by a radio bridge. For 
1Z < 1, however, the shock region would be fainter than the 
filament leading to it, and the entire emission would be clas- 
sified as a halo with a (radial) protrusion. In either case, the 
shock region may not be observable if the column density is 
too low. 

In most cases, observing a relic implies that 1Z > 1, i.e. 
shock magnetisation is stronger than shock compression. In 
our model, a filament is always present, although it may fall 
beneath the radio threshold. For a given observed relic, a 
halo-relic bridge would be more likely to be observable if 7Z 
is close to unity. 

5.1.8 Shocks in halos 

Some halos or at least parts of halos are clearly not in 
a steady state. The most striking examples are the weak 
shocks observed in some cases at the edges of halos. This 
includes confirmed sho cks in I E 0657-56 (the bullet clu ster; 
iMarkeyitch et alj|2002h. A5 20 (|Markevitch et alj|2005h and 
A754 llKrivonos et alJl20o3 ), and suspected shocks in A665 
llMarkevitch fc Vikhlininl l200ll). A2219 ijMillion fc Allen] 



The coincidence of these shocks with the edges of their 
respective halos provides strong evidence that the shocks 
play an important role in magnetising the ICM, raising the 
magnetic field at least to the level of B cm b. Incidentally, as 
mentioned in i ]2.3l these shock-halo coincidences are incon- 
sistent with primary CRE m odels: strong turbul ence is not 
expected in the shock region (|Govoni et al.ll2004h , and even 
if it was, turbulent acceleration would not be effective im- 
mediately behind the shock. 

In cases where shocks are embedded in or found at the 
edge of a halo, time-dependent modeling of the CRE popu- 
lation is essential. Our analysis predicts a downstream syn- 
chrotron signature analogous to the relic signal described 
above. Namely, enhance brightness (with respect to the 
I v oc \ n profile) with a flat spectrum at the edge of the 
shock, with gradual decline in brightness back to its steady- 
state ~ A coo i inward of the shock, accompanied by spectral 
steepening. These predictions are tested quantitatively in 
select clusters with suspected shocks, in i)5.2l below. Such 
modeling would provide a definitive test of our model once 
the shocks are confirmed. 



5.1.9 Steep spectrum halos: recent magnetic growth 

The spectral steepening induced directly by shock magneti- 
sation is limited to a ~ 2t coo i wide region behind the shock. 
A single shock can make the integrated spectrum of a halo 
steep, provided that the shock front is wide and the shock 
has passed in the recent ~ t coo i near the central, brightest 
part of the halo. 

However, steepening is not limited to shocks, or to their 
direct impact on the plasma. The results of H4.4I indicate 
that the spectrum of the steep GHs may be induced by any 
recent (~ t coo i), modest (rs ~ 2) magnetic growth, regard- 
less of the physical mechanism driving it. Note that spectral 
steepening immediately downstream of a shock is somewhat 
impeded by the shock-induced gas compression, introduc- 
ing a factor r 9 _1 in 1Z (see equation (|4.79p ). Magnetisation 
without gas compression is thus more efficient in producing 
a steep spectrum. 

In particular, the Aa ~ —0.5 steepening sufficient to ex- 
plain all steep GHs (defined as having an average spectrum 
a < —1.5, see H2.I | requires 72. ~ 5.2. If gas compression can 
be neglected, we may use 



1Z> 



1 + 
1 + bl 



(5.3) 



l2009h . and Coma (IBrown fc Rudnickll2010l ). 



The spectrum of steep GHs can thus be reproduced if the 
magnetic field is amplified from 6i < 1 to 62 ~ 2. Alter- 
natively, if the halo was already magnetised to 61 > 1 lev- 
els, 1Z — 5.2 requires magnetic amplification by a factor of 
Tb = b 2 /bi ~ 2.3 within ~ i cooi . 

In i]5.5l we use the coincidence between steep halos and 
relics to show that steep GHs are a transient phenomenon, 
persisting only ~ 0.3-1 Gyr after a merger event. This ado- 
lescence should occur in ~ 15% of all GHs, in agreement with 
present observations. Producing such a long-lived, > t coo i 
phenomenon requires more than the impulsive magnetisa- 
tion induced by a single shock. We conclude that steep halos 
are produced by a combination of shocks and a rising level 
of turbulence, maintaining the steep average spectrum over 
a ~Gyr timescale. This results in a high, B ^> B cm b central 
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magnetic field, as found in several clusters by KL10 and in 



5.2 Illustrating the model in well-studied clusters 

We may test the time-dependent, secondary CRE model of 
fj3]in individual, well studied clusters, that harbour a relic or 
a shock. We use the detailed radio spectral maps published 
for A665, A2163, and A2744, which harbour the halos anal- 
ysed in H3.4.3| In addit ion, we study the spectral map of 
A2219 (|Orru et alj|2007l ). which was not analysed in 33.4.31 
because the central ~ 300 kpc part of the halo is contami- 
nated by a blend of radio galaxies. 

Each of these clusters harbours, in addition to the cen- 
tral GH, either a peripheral relic (in A2163 and A2744) or 
a suspected shock embedded within the halo (in A665 and 
A2219). For each such source, we extract the profiles of ra- 
dio brightness I v (r) and spectral index a(r) along a line 
connecting it with the centre of the cluster (defined as the 
X-ray peak). In order to estimate the gas column density, we 
also extract the coincident profile of the X-ray brightness, 
Fx, using ROSAT or Chandra data, and in addition use an 
ASCA-based /3-model of the cluster. We label the cluster's 
centre as r — 0, and orient the axis such that the relic or 
shock is as r > 0. 

The resulting profiles are analysed in the same method 
applied to the halos in S13.4.3I The results are displayed in 
Figs. 171 and I22lf2"4l with the same notations used in Figs. 0]- 
[9] In short, each figure shows the a(r) profile in the up- 
per panel, and various estimates of the radio-X-ray ratio 
n = vI v jFx in the bottom panel, based on ROSAT (solid 
blue curves), Chandra (short-dashed black) and the /3-model 
(long-dashed red). Dotted curves show our rj model for the 
steady-state secondary CRE model with homogeneous CRIs, 
based on column densities estimated from ROSAT (dotted 
blue) or from the /3-model (long-dotted red). The central 
value r/o of the radio-X-ray ratio is also shown (dot dashed 
cyan) , as extrapolated at any distance r using the local radio 
and X-ray brightness. 

For each cluster, we plot (as dashed green curves) the 
spectrum and brightness profiles computed from the time- 
dependent CRE model of H4.5I assuming that each relic re- 
flect an underlying, outgoing, weak shock. In principle, the 
model for downstream emission has only two independent 
parameters, which can be chosen as the Mach number M 
of the shock, and the (normalised to B cm t(z)) downstream 
magnetic field bd- However, the radio resolution is poor, 
with the beam width being larger than the characteristic 
scale A coo ; for downstream CRE evolution. Consequently, 
upstream emission affects the downstream signal, and much 
be modeled as well. Approximating the upstream magnetic 
field as constant, this can be done by introducing one addi- 
tion degree of freedom, parameterised here as the emissivity 
ratio across the shock, rj. 

The three model parameters are summarised, for each 
of the four clusters, in Table[3] In addition, the table lists the 
corresponding values of 1Z and A coo ;. Note that due to the 
wide beam, the maximal spectral steepening, for example, 
depends not only on 1Z, but also on A coo ; and rj. 

Also shown is the energy density fraction es of the 
downstream magnetic field, with respect to the thermal 
plasma computed from the isothermal /3-model (see equa- 
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Figure 22. Profiles of radio brightness and spectrum in A2163, 
along the line connecting the X-ray peak with the brightness peak 
of the ENE relic (at r ~ 1300 kpc; vertical dashed line). This is a 
zoomed out version of the same line examined in Fig. [3] and uses 
the same notations. The model (dashed green) is discontinuous 
near the clump A2 (gray shaded vertical band). 



tion (|3.30p V The enhanced pressure immediately down- 
stream of the shock can exceed the local estimate of the 
/3-model, rendering our es values higher than in reality. 

For simplicity, the models assume flat CRE injection 
(q = 0), and approximate the beam profile as a top-hat. 
Analytic approximations for the brightness and spectrum 
measured with a finite beam and a finite frequency range, 
according to the time-dependent, secondary CRE model, are 
provided in ijD] 

In addition to the above model parameters, one must 
specify the spatial distributions of CRIs and gas in order 
to compute the synchrotron signal. This is done using the 
J,y oc N p \ n oc F x ' 3 relation derived in §5\ We use the 
Fx profile extracted from ROSAT data, and normalise the 
n = vIvjFx oc F^ 2 relation to its measured central value, 
7]o- The centre of A2219 is contaminated by radio galaxies, 
so here we use the GH average 770 — 10 -4 ' 1 found in equa- 
tion (|3.23[1 . and derive the Fx(r) profile from the /3-model. 

Remarks regarding individual clusters: 

(i) In A665, the radio emission along a line connect- 
ing the centre of the cluster with a possible shock 
identified ~ 200 kpc Southeast of the cluster 's centre 
(|Markevitch fc Vikhlini"nll200ll ; iGovoni et all 120041 ') is mod- 
eled in Fig. [7J The model incorporates the B 2 oc n magnetic 
radial decline along the Southwest ray (denoted as r < 0) 
but not at r > 0, assuming strong, recent shock magnetisa- 
tion. For the model parameters used, magnetisation is strong 
compared to the gas compression so 1Z > 1, resulting in an 
enhanced emission and steepening in the near downstream. 

(ii) In A2163, a model for the line connecting the halo 
and the relic is shown in Fig. 1221 The emission is disrupted 
in the range 800 < r/kpc < 1100 by substructure (clump Al 
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Type 
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M 
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A665 


30 


shock 


250 


1.2 


2 


10 


3.9 


36 


4% 


A2163 


30 


relic 


1300 


3 


1 


3 


0.67 


49 


11% 


A2219 




shock 


350 


1.1 
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100 


8.7 


30 


13% (8%) 


A2744 




relic 


1800 
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10 


0.9 


35 


20% 



Table 3. Parameters of the models used in Figs. BUTl and [22H241 

Columns: (1) cluster name; (2) central magnetic field Bq (in fiG); (3) discontinuity type (relic or suspected shock); (4) discontinuity 
distance r from the centre of the cluster (in kpc); (5) shock Mach number M; (6) downstream magnetic field b d , in units of B cm ^(z)\ 
(7) fractional emissivity jump rj at the shock; (8) asymptotic CRE ratio TZ (see equation 1 14, 791 0; (9) cooling length downstream A coo ; 
(in kpc); (10) downstream magnetic energy fraction eg with respect to the thermal energy computed from the isothermal /3-model (and 
using the measured downstream temperature). 
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Figure 23. Profiles in A2219 along C = {16h40'38", 46°40'1"}- 
{16h40'9",46°45'2"}, which crosses the 1.4 GHz brightness peak 
(r = 0) and is oriented in the Southeast (r < 0)-Northwest direc- 
tion, along the halo elongation. Symbols and notations are defined 
in Figures [4] \6\ and [8] A filament of clumps (arrows labeled A— 
D) lies a long C in an oblique orientation with respect to the line 
of sig ht jBoschin et al.l l2004f) . The radio data, from lOrru et al.1 
is dominated in the central 300 kpc (gray shaded verti- 
cal band]_bj^_a_blend ofj-adio galaxies. A possible shock reported 
by iMillion fc Allenl | |200S| ) lies at r ~ 350 kpc (dashed vertical 
magenta line). 



in iMaurogordato et al.|[200ct ). so the model we show is dis- 
continuous; the B 2 oc n scaling is included for r < 800 kpc. 
For the parameters used, magnetisation is weak compared 
to the gas compression so % < 1, resulting in flattening, 
rather than steepening behind the shock. Local X-ray en- 
hancement nea r the position of the relic is evident in the 
ROSAT maps (|Elbaz et al.lll995l . figure 1), consistent with 
a shock interpretation. 

(iii) A2219 appears to be in an advanced stage of merger, 
involving multiple clumps in a Southeast-Northwes t fila- 
ment oblique to the line of sight (|Boschin et al.| [2 004| ). The 
line connecting the centre of the cluster with the possible 
shock identified ~ 350 kpc Northwest of the cluster's cen- 



HO — 



200 400 600 



b/J 
O 




500 1000 
r [kpc] 



Figure 24. Profiles in A2744 along the line connecting the centre 
of the cluster with the r ~ 1600 kpc, NE relic. This is a zoomed 
out version of the line examin ed in Fig. HQ and u ses the same no- 
tations. The radio signal, from lOrru et all l|2007f ). is not detected 
at 800 < r < 1200 (gray-shaded vertical band). 



tre (|Million fc Allenll2009l ) is modeled in Fig. [23 A blend of 
radio galaxies in the centre of the cluster, as we ll as opti- 
cally identified substructure (|Boschin et al.ll2004l ). preclude 
a reliable model of the central, \r\ < 300 kpc region. 

(iv) In A2744, a model for emission along the line C con- 
necting the halo and the relic is shown in Fig. 1241 Local 
X-ray enhancement near the position of the relic is evi- 
dent in the ROSAT maps, consistent with a shock. Radio 
emission along C dr ops below the de tection threshold at 
800 < r/kpc < 1200 (|Orru et al.1 120071 ), presumably due to 
a weak magnetic field. Stronger emission between the relic 
and the halo is detected almost continuously along a differ- 
ent, curved path, arching to the South of C (not discussed 
here) . 

Figures [7] and [22lf24l show that the secondary CRE 
model with a homogeneous CRI distribution is success- 
ful in qualitatively reproducing the radio brightness profile 
throughout a cluster, not only within GHs (as shown in i)3.4|l 
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and among different halos and relic ( £|3.5[) , but also through- 
out individual clusters, from their centres out to the periph- 
eral, r > 1 Mpc relics. Accounting for the time-dependence 
of the CRE distribution improves, in some cases (when 1Z is 
far from unity), the agreement between model and observa- 
tion, as seen for example in Fig. 

The figures show that the observed spectral profiles can 
be qualitatively explained in the framework of the secondary 
CRE model, with a plausible choice of parameters. Here it 
is essential to take into account the time-dependent evolu- 
tion of CREs in order to reproduce the spectral features 
observed. Note that, depending on the value of 1Z, the spec- 
trum behind the shock either steepens (in A665 and A2219) 
or flattens (possibly in A2163 and A2744). 

Overall, the results support the viability of the model 
as an explanation for the diffuse emission from clusters, in- 
cluding halos, relics, and the emission between them. There 
is therefore no need to invoke the ad-hoc assumptions of pri- 
mary particle acceleration in weak shocks or in turbulence, 
processes which are neither well understood nor observa- 
tionally constrained. We obtain a reasonable fit to the data 
assuming flat injection, q = 0, suggesting that the CRP 
spectrum is flat. The model also gauges the magnitude of 
the magnetic field, which is found to be bd > 1 inward of 
relics and shocks. 

Quantitatively, however, the modeled curves are crude 
and the model parameters are poorly constrained. First, 
the models are essentially one-dimensional and do not ac- 
count for substructure, shock-induced overdensities, projec- 
tion effects involving shock obliqueness, etc. In particular, 
the Np\ n profiles are based on the measured Fx profiles, 
which are more sensitive to substructure. Second, the radio 
resolution in all four clusters is insufficient, allowing only 
a marginal test of the model because the beams are larger 
than A coo ;. Third, the spectral features associated with the 
two relics are small, while stronger features are related to 
the substructure not included in the model. And fourth, we 
have made the simplifying assumptions of a top-hat beam 
and a flat, q — CRE injection, neglecting for example 
the spectral variations associated with the cross section for 
secondary production KL10 and changes in the underlying 
CRP spectrum. 

In addition, the radio profile depends in a non-trivial 
way on the parameters M, bd and rj, allowing for more 
than one type of solution. For example, the values we adopt 
for the Mach numbers of the shocks embedded within the 
halos are somewhat lower than the values estimated from 
the temperature jumps obser ved, i.e. A4 > 1.8 in A665 
Markevitch fc Vikh linin 2001) and M = 1.3-1.9 in A2219 



Million fc Allen! 120091 ). Reasonable, but somewhat worse 



fits can also be obtained for these higher Mach numbers, but 
this would require a stronger downstream magnetic field. 

Note that the limitations listed above are far more se- 
vere in studies that attempt to model the integrated prop- 
erties of a cluster such as the average spectra of the radio 
sources or their total power. Considering the highly nonuni- 
form nature of the emission, analysing the surface bright- 
ness maps is essential for obtaining a reliable model. Tightly 
constrained parameters can potentially be derived using a 
projected, three-dimensional model of the gas and magnetic 
distributions, in particular if high resolution radio maps can 
be obtained with beams narrower than A COO !. If M could 



be determined from X-rays and the beams were narrow, the 
downstream emission would depend on the single parameter: 
7Z, or equivalently (if b u <C 1) bd- 

Finally, notice that the /3-model provides a useful fit to 
the data, as it is accurate to better than a factor of ~ 3 even 
at r ~ 2 Mpc distances. 

5.3 Relic and halo compilation 

In ij3.5l we showed that a universal n(n/no) distribution joins 
radio relics and halos, as illustrated in Fig. 1121 This suggests 
that relics can be modeled as emission from secondary CREs 
which are produced by the same, homogeneous CRI distri- 
bution responsible for halos. 

However, we found that relics are brighter than ex- 
pected in a steady-state CRE model with homogeneous 
CRIs. Namely, n increases too rapidly with radius (i.e. with 
decreasing n/no), naively corresponding to a CRI density 
which increases radially instead of being constant. Thus, we 
could not find a good power-law fit n oc (n/no) 7 for both 
halos and relics, and we obtained a smaller (more negative) 
7 than the 7 = — 1 value corresponding to homogeneous 
CRIs, in particular in the range between halos and relics. 
This can be seen qualitatively by noting the similar radio 
brightness characteristic of halos and relics, as shown in 
equation (|3.24[) . and quantitatively in the different formal 
fits derived among relics, and in particular between relics 
and halos, in equations (|3.25[) (13.291 1. 

Now we consider the time-dependence of the CRE dis- 
tribution, induced by changes in the magnetic field and in 
the CRI distribution. This is essential because, while flat 
spectrum halos are thought to be approximately in a steady 
state, in the sense that the CRE injection rate Q and the 
magnetic field amplitude B vary on a timescale longer than 
tcooi, this is not the case for relics. 

In 33] we saw that if the magnetic field rises in the fluid 
frame, synchrotron emission is significantly enhanced, and 
can exceeds its final steady-state value during a timescale 
~ tcooi required for the CREs to adjust to their new, in- 
dependent steady state. Therefore, the brightness of a relic 
exceeds its steady-state expectation if it is associated with 
a weak shock or a magnetisation wave, in direct proportion 
to the parameter 1Z defined in equation (|4.49ll . 

In order to test the time-dependent model and gauge 
its parameters, we reanalyse the data of the halo and relic 
sample presented in i l3.ll ^3.2 1 in the framework of the time- 
dependent theory. As in H3.5I relics near a first rank galaxy, 
peripheral circular relics, and the uncertain relics in A754 
and A2034, are excluded from the analysis. 

First, we simultaneously fit the data of the halos and 
relics as a power law in (n/no), assuming that the relics all 
have the same enhancement factor 1Z. This leads to the fit 



JL — 1Q-3.8±0.1 

1Z 



no 



(5.4) 



where for halos TZ = 1 (by assumption), and for relics 7Z 



10 1 



The enhancement factor of relics corresponds, if 



gas compression is negligible, to a downstream field bd — 3.2. 
This is an unrealistically strong field, as in distant relics the 
corresponding magnetic energy density ub would exceed the 
local thermal energy density Uth- 

The unrealistically high value obtained for a universal 
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Figure 25. The distribution of relics and halos in the (n/TZ)— 
(n/no) phase space, taking into account the TZ enhancement of 
relic emission due to magnetic field amplification. Symbols and 
notations are defined in Figs. [T] and 1121 Here we consider only 
the magnetisation and neglect gas compression, appropriate for a 
magnetisation-wave relic model. The fit of equations I l5.5ll -l l5.7ll 
is shown (dot-dashed line with green shaded band), based on un- 
contaminated halos and classical relics (see text), with the best 
fit value eg = 20%. Note that we exclude relics near the first rank 
galaxy (brown triangles) from the fit. 




mm 



Logio(«7«o) 

Figure 26. The distribution of relics and halos in the (jf /TZ)— 
(n* /no) phase space, taking into account both the TZ radio bright- 
ening and the r g gas compression, assuming that relics are asso- 
ciated with an M = 2 shock. Symbols and notations are defined 
in Figs. [T] and [12] The fit of equations H5.9l l-l l5.lH is shown 
(dot-dashed line with green shaded band), based on uncontami- 
nated halos and classical relics (see text), with the best fit value 
eg = 4%. Note that we exclude relics near the first rank galaxy 
(brown triangles) from the fit. 



TZ in relics indicates that the different environments of the 
relics must be taken into account. Hence, we again fit the 
halo and relic data as a power law in (n/no), but this time 
we allow different values of TZ in each relic, determined such 
that the magnetic field constitutes a fixed fraction e B of Uth, 
where Uth is determined from the /3-model of the cluster. 
This leads to the best fit 

-1.3±0.2 

(5.5) 



1L 

K 



no 



where for halos TZ = 1, and for relics 

Uth 



TZ=l + e B - 



Ucmb 



where 



6 B = 10" 



20% 



(5.6) 



(5.7) 



within a factor of ~ 2.5. This fit is illustrated in Fig. 1251 
where we plot the n/TZ value of each source against its 
(n/no) estimate. 

Note that although the 7 ~ —1.4 obtained here is sim- 
ilar to that found among relics in the steady-state model 
in i)3.5l here the fit agrees with the halos, too. The fact 
that 7 < — 1 does not contradict the homogeneous CRI 
assumption, considering the statistics and the simplifying 
assumptions of the model. For example, we have neglected 
the projection effects of the relics, assuming that they lie in 
the plane of the cluster's centre. In practice, the data points 
should be shifted to somewhat lower values of (n/no) (*-e. 
to the left in Fig. I25[) . resulting in a higher 7. 

The best-fit value £b — 20% is larger than typically ex- 
pected in weak shocks, but the statistical uncertainty is large 
and we made strong simplifying assumptions. Note that in 
the fit procedure we have not constrained the value of e B to 
be smaller than unity, so obtaining e B < 1 is reassuring. 

More importantly, we have not included the effect that 



the relic shock has on the plasma. If the relic is found down- 
stream of a shock with Mach number M, we should make 
the following substitutions: 



11 



11 



no no no 
uth — > Uthr p ; 



TZ 



(5.8) 



'Fx; 



Fx - 

where r p = (5M 2 - l)/4 and r 3 = 4X 2 /(3 + M 2 ) are the 
fractional increases in plasma pressure and density, respec- 
tively, across the shock. 

Incorporating these modification in the model produces 
a fit similar to that in equation (|5.5|l . but with a lower, ./in- 
dependent value of e B . For example, assuming that all relics 
lie downstream of a Mach A4 — 2 shock, we obtain 

-1.3±0.2 

(5.9) 



TZ y ' \no 



where for halos TZ = 1, and for relics 



7Z = r„ 



l + e B 



Uth 
Ucmb 



with a downstream magnetic fraction 
e B (M = 2) = lO" 1 ^ 04 



4% 



(5.10) 



(5.11) 



within a factor of ~ 2.5. The corresponding source distribu- 
tion and best fit are shown in Fig. [26] 

In summary, relics and halos can be explained as emis- 
sion from secondary CREs produced by a homogeneous pop- 
ulation of CRIs, if the temporal evolution of the CRE pop- 
ulation is taken to account. A Good agreement with ob- 
servations is found using the /?-model if relics are M ~ 2 
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shocks with a typical es ~ 4% magnetic energy fraction 
downstream, or strong magnetisation waves with es ~ 20%. 



5.4 Magnetic archeology using the radio spectrum 



In H4.3.2l we showed that the spectrum of the CRE distribu- 
tion reflect the temporal evolution of the ratio between the 
CRE injection and the cooling parameter, T oc Q/(l + b 2 ), 
with a ~ t coo i time delay. Above we considered the radio 
steepening or flattening behind shocks, resulting from gas 
compression and magnetic field amplification. But even away 
from shocks, in regions where changes in the density are slow 
(span timescales 3> tcooi), the spectrum directly traces the 
recent evolution of the magnetic field. 

In particular, the CRE spectral index <j)(t, E) decreases 
(increases) with respect to its steady state value (f> s = q — 1 
if the magnetic field was growing (decaying) at the retarded 
time t — t coo i(E); see equations (|4.3Up and (|4.3ip . Similarly, 
for flat injection, the spectral curvature (j>{t, E) decreases 
(increases) with respect to its steady state (f> 3 — cj> for mag- 
netic growth (decay) at t — T coo i(E), corresponding to k$ > 
(k^ < 0); see equations (|4.39|) — (|4.40[) . 

The evolution of the magnetic field is similarly im- 
printed upon the radio spectrum, although it is somewhat 
smeared out by the convolution with F syn , projection along 
the line of sight, integration over the beam width, and the 
finite spectral range needed to measure the spectrum. The 
spectrum resulting from a rapid change in B is shown in 
equation (|4.75|l ; the spectrum for an arbitrary B(t) evolution 
is given for flat injection in the 5-function approximation of 
F syn in equation (|4.64[) . 

A brightness map at a single frequency also gauges the 
magnetic evolution, but extracting information about the 
magnetic field requires a model for the gas distribution. The 
homogeneous CRI distribution simplifies such an analysis, 
as no CRI model is required. 

Recall that in a steady-state, the radio spectrum gauges 
the amplitude of the magnetic field because the CRE spec- 
trum steepens with increasing energy E e oc (u/B) 1 ^ 2 due 
to the energy-dependent cross section for secondary produc- 
tion. This leads to a Aa ~ 0.1-0.4 steepening, depending 
on the CRP spectrum, when the magnetic field drops below 
B ~ 10(z//700 MHz) nG (see KL10). The above results in- 
dicate that similar or larger spectral deviations occur when 
the magnetic field is not in a steady state, if it evolves on 
~ t coo i timescales in regions where B > B cm b- 

As an illustration, consider the simple case of flat injec- 
tion and a magnetic evolution satisfying = const., in the 
5-function approximation of F syn . Here 
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(5.12) 



(5.13) 



where vq is a constant. Note that da /da < as long as 
a 2 > (2 + «0)/4, so stronger steepening is expected when 
the spectrum is steeper. 

Such a beha vi our w as indeed reported in relics by 
van Weeren et all (|2009r ). We reproduce their data in 
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Figure 27. Spe c tral cu rvature vs. index for radio relics from 
Ivan Weeren et al showing relics suspected as merger 

shocks (diamonds) and as radio phoenixes (squares). The 
curvature-index relation for flat injection is demonstrated ac- 
cording to equations 1 15.121 -1 15. 131 for a constant magnetic field 
{ka, = 0; solid curve), magnetic growth with = +1 (dashed), 
and magnetic decay with = —1 (dot-dashed). 



Fig. 1271 showing several relics in the phase space of spec- 
tral curvature (defined here as 074° — aeio ) an d spectral 
index (ayf 00 ). For comparison, we plot some = constant 
curves according to equations (|5.12|| - (|5.f 3p . with different 
values of k$. 

As the figure shows, most relics suggest recent mag- 
netic growth («0 > 0). However, in order to accurately con- 
strain the magnetic evolution, one must take into account 
the F ayn smearing and the integration over the beam, ne- 
glected above, and consider a more realistic magnetic evo- 
lution. 

We have seen evidence for substantial spectral steepen- 
ing induced by magnetic growth behind relics. Could recent 
magnetic growth also explain the observed steep-spectrum 
halos? 



5.5 Steep halos and their association with nearby 
relics 

5.5.1 Steep GHs require extended magnetic growth 

As a steep spectrum is a transient phenomenon in our time- 
dependent, secondary CRE model, the most plausible stage 
at which a globally steep halo can be produced is during 
the initial magnetisation of the cluster to > B cm b levels, 
as the halo is born. The GH-merger connection indicates 
that such magnetisation is triggered by a merger event, in 
part but probably not exclusively in the wake of merger 
shocks. The magnetisation process may be driven in part 
by the onset of turbulence, as irregular flows amplify the 
preexisting magnetic field. 

Note that steady state turbulence probably cannot ex- 
plain the steep halos observed. The timescale for an re ~ 2 
(less than an e-fold) amplification of the magnetic field in 
an eddy spanning the typical, ~ 10 kpc magnetic coher- 
ence length is < 5 Myr, much less than the cooling time. 
Naively, as recently magnetised eddies dominate the emis- 
sion, the overall spectrum steepens even if turbulence is 
in a steady state. However, as shown in 14.6.21 in regions 
with a constant average magnetic field this results in only 
mild, 0.1 < Aa < steepening. CRE diffusion could induce 
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stronger steepening under such circumstances (see i)4.6|) , but 
may be insufficient to explain the a < —1.5 spectra ob- 
served. 

Therefore, a possible scenario in which a steep GH can 
form involves a combination of merger shocks and an in- 
creasing energy in turbulent motions, induced by a recent 
merger event, causing a substantial fraction of the mass to 
see magnetic amplification by a factor > 2 within the recent 
< 2t coo i. The sound crossing time of a typical, ~ 1 Mpc 
halo is of the order of 0.5 Myr, longer than t coo i, so in this 
scenario some parts of the halo would undergo substantial 
magnetisation, by more than one e-fold. This is consistent 
with the high, ~ 30 fiG magnetic fields inferred in the cen- 
tres of some GHs, in [J3]and in KL10. 

The sound crossing time is short, however, compared 
to the estimated age of halos, thaio ~ 5 Gyr, correspond- 
ing to the time necessary for the magnet ic field to decay 
(see, for example, ISubramanian et alj|2006t ). The fraction of 
steep halos is therefore expected to be small, as estimated 
below. The details of the magnetisation and magnetic de- 
cay processes are not well understood, and not much data is 
available for the steep halos, so we can only crudely sketch 
their properties. 

Regardless of the mechanism magnetising the steep ha- 
los, it is unlikely to operate identically and simultaneously 
across the cluster, so spectral variations are to be expected 
between different parts of the halo. In particular, an outgo- 
ing radial mode would induce radial spectral steepening, ob- 
servable wherever the halo is sufficiently magnetised (b > 1). 
Similarly, as t coo ; ~ b~ 3 ^ 2 for large b, CREs in the central, 
presumably most magnetised regions cool quickly, and the 
resulting spectrum flattens more rapidly there than in the 
periphery. This too, leads to outward spectral steepening. 

Such radial steepening was identified in several flat ha- 
los (see discussion in KL10), but little is known about the 
spectral distribution within steep halos. In the well studied 
case of A521, 



where ao',3 



± 0.08 (iDallacasa et all 
-1.4, suggesting 



120091 ). we find a central spectrum aj; 
substantial outward steepening. The spectral steepening ob- 
served both with increasing frequency and increasing radius 
can be used to test the model and extract the magnetic field 
profile, as discussed in KL10. Moreover, as shown in it 
can be used to gauge the evolution of the magnetic field. 



5.5.2 Using relics to time the evolution of halos 

In the absence of available spectral maps for the steep halos, 
we use the published, integrated spectrum of each halo in 
order to constrain the magnetic evolution. As mentioned 
in i)2.3l all six steep-spectrum halo clusters harbour either 
an identified relic (in four out of the six), or a relic-like, 
filamentary feature (in the remaining two). Assuming that 
relics are outgoing shocks, we may use them as a proxy for 
the time that elapsed since the merger. 

This is clearly a crude approximation, because mul- 
tiple merger shocks can form at different times since the 
— ill defined — time of the merger. For example, in the 
steep GH cluster A754, in addition to the r ~ 600-700 kpc 
relic, a more distant , r ~ 1 Mpc shock was identified 
|Krivonos et all 120031 ). Nevertheless, timing mergers with 
relics is useful for obtaining a qualitative insight to the na- 
ture of the steep halos. 
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Figure 28. Spectral index of halos found in clusters that har- 
bour a relic (disks) or have an embedded shock (diamonds) at a 
distance r from the centre of the cluster. The data is summarised 
in tables [2] and [4] Note that none of the halos is steep (fiat) 
if the neighbouring relic or shock lies outside (inside) the range 
400 kpc < r < 1 Mpc, as illustrated by the shaded regions. 



Source Name 


Spectrum 


Reference 


IE 0657-56 


"1.3 — 


-1.3±0.1 


LOO 


A521H 


„1.40 _ 
"0.30 — 


-1-8O-0.08 


D09 


A665 


"0.30 — 


-1.04 ± 0.02 


F04b 


A754E 


0,1.36 _ 
"0.15 ~~ 


-1 70+ - 20 
!■ ' u -0.20 


K09 


A1300H 


"0.30 


= -1.8 


G09 


A2163H 


„1.40 _ 
"0.30 — 


1 10+0.00 

-1.1»_0.04 


F04b 


A2255H 


"0.15 — 


-1 30+ 010 


P09 


A2256H 


„2.70 _ 
"0.02 — 


-1 61+ - 00 
± ' D± -0.04 


B08b 


A2744H 


"0.30 — 


-1 00+ 010 
!' uu -0.10 


O07 


ComaH 


„1.40 _ _ 
"0.03 — 


-1.27 ± 0.07 


(this work) 



Table 4. Spectrum of halos in clusters which harbour a relic 
or a halo-embedded shock. Referenc e abbrevia t ions are as in 
Table H and in ad d ition: B08b - iBrentienj d200ST) ; K09 - 
iKale fc Dwarakanathl j200Sh : LOO - iLiang et alT j2000l l. 



Fig. [28]thus shows all the clusters reported in the litera- 
ture as harbouring both a halo with a measured spectrum — 
either flat or steep — and a classical (see H3.2p relic. For each 
such system, we plot the average spectral index of the halo, 
measured around 1.4 GHz, as a function of the distance of 
the relic from the centre of the cluster. We supplement the 
figure by the two systems (with a measured halo spectrum) 
in which a shock is embedded within or at the edge of the 
halo, because such shocks shall, presumably, become relics 
at a later stage. 

The spectral data used in the figure is summarised in 
Tabled Relic positions refer to the brightest contours, as de- 
scribed in £13.11 For Coma, we use o^'i, = — 1.27T0 .07 based 
on the data summarised in IThierbach et ail (120031 ). This is 
similar to the estimate o f lKim et all (Il990l). but st eeper than 
the best fit a ~ -1.03 of IThierbach et all (120031 ) based on 



a broken power-law model ( Rephaeh] 19791 ). In A754, the 
spectral uncertainty reflec ts the difference between th e two 
blobs (labeled 2 and 3) in lKale fc Dwarakanath] (|2009T ). 

Although the statistics is poor due to the small number 
of observed halo-relic systems, the figure reveals an inter- 
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esting trend. The steep spectrum halos are found only in 
clusters in which the relic is less than ~ 1 Mpc away from 
the cluster's centre. Clusters with more distant relics all have 
a flat spectrum. This is another example of the many con- 
nections between halos and relics, outlined in £|2.3I 

Interpreting relics as outgoing shocks, the figure sup- 
ports the notion that steep spectrum halos are a transient 
stage in the halo evolution. For a typical shock Mach number 
A4 ~ 2 and a downstream temperature of ~ 10 keV, a tran- 
sition from a steep to a flat spectrum at ~ I Mpc suggests 
that steep halos survive over a timescale t s tee P ~ 1 Gyr. 
Compared to the estimated lifetime of a halo, t^aio ~ 5 Gyr, 
one may expect a fraction t a tee P /thaio — 20% of the halos 
to be steep, consistent with present observations (~ 20% of 
the GHs observed are steep; see H2.ip . That t 3te e P > t coo i 
supports the conclusion that halos are not magnetised sim- 
ply by a single weak shock, but rather by a combination of 
multiple shocks and an increasing level of turbulence. 

Assuming that the shocks found at r ~ 200 kpc in the 
bullet cluster and in A665 shall eventually become relics, 
once they separate from their currently flat halos, suggests 
that it takes a considerable time for the halos to develop a 
steep spectrum. The steep halos shown in Fig. [28] are asso- 
ciated with relics found at 400 kpc < r < I Mpc. It would 
be difficult to distinguish putative relics found at smaller 
radii from the halos. Interestingly, the two steep halo clus- 
ters with no relic identification do show a filamentary, relic- 
like structure at a smaller radius. However, it is difficult 
to determine t heir distance becau se the r < 500 kpc fila- 
ment in A697 |Venturi et al.|[2~008l ) is nearly radial, and the 
300 < r < 450 kpc filamen t in A1914 is riddled with point 
sources (|Bacchi et alj|2003h . 

Assuming an r ~ 300 kpc transition from a flat to a 
steep spectrum, and adopting A4 ~ 2 and fcsTd ~ 10 keV, 
the evolution of a steep halo spectrum would require ~ 
0.3 Gyr, comparable to the sound crossing time of the halo. 
This slightly lowers the expected incidence rate of steep ha- 
los, to ~ 15%, and provides further evidence that their mag- 
netisation involves multiple shocks and turbulence. 



6 DISCUSSION 

Our unified picture of radio emission from galaxy clusters 
is briefly reviewed in £16.11 We explain how accounting for 
the temporal evolution of the magnetic field and for CRE 
diffusion leads to a model that attributes GHs, MHs, relics, 
and halo-relic bridges to secondary emission from CREs pro- 
duced by the same, homogeneous distribution of CRIs. 

The magnetic field configuration inferred from the data, 
consistent with an eg = constant magnetic energy fraction, 
is discussed in £16.21 We point out that some halos and relics 
locally appear to reach a saturation e_g level on the order 
of 10%. In H6.3I we show that our results are inconsistent 
with primary CRE models; in particular, such models re- 
quire fine tuning as they attribute GHs, MHs, relics and 
bridges to different acceleration mechanisms, which operate 
in very different environments. 

In order to derive the properties of the CRI distribu- 
tion, we first determine in H6.4I the kinematic emissivity in 
the centres of GHs, where the magnetic fields are strongest 
so the gas column density is a good approximation for A„s . 



Next, in £16.51 we derive the spectrum of the CRIs from the 
radio spectra observed at the edges of relics, where the CRE 
spectrum still retains its steady state, upstream value, un- 
affected by the shock and the subsequent downstream mag- 
netic evolution. Combining these results, we compute in £16,61 
the energy density of the CRIs. 

Next, we examine the implications of the inferred CRI 
distribution. In £|6.7l we show that both the virial shock and 
SNe shocks can account for the inferred CRI energy, pro- 
vided that CRI escape from the cluster is quenched, and 
argue that strong diffusion or gas mixing are needed to 
explain the CRI homogeneity. In £|6 .8 1 we discuss the dis- 
persion of the CRI energy density among different clusters, 
and demonstrate how combining the results u p tx no and 
es oc constant can recover the observed P v ~Lx and P v -K v 
correlations in GHs, where K v is an average halo radius. 
Additional hadronic signals from galaxy clusters, such as 7- 
rays produced by 7r° decay, and hard X-ray to 7-ray inverse 
Compton emission, are discussed in H6.9I 

In £16.101 we show how the strong magnetic fields in- 
ferred in our model impose strict upper limits on particle 
acceleration in weak shock and in turbulence. We conclude 
in £|6.11l bv discussing the assumptions and uncertainties of 
our analysis. 



6.1 Time-dependent secondary emission and 
implications for radio sources 

6.1.1 Model overview 

In £J5] we showed how emission from a time-dependent dis- 
tribution of CREs produced by variable cooling in strong, 
evolving, and irregular magnetic fields, can explain flat and 
steep spectrum halos, relic, and halo-relic bridges. More 
generally, as the CRI distribution we infer is homogeneous, 
any strongly magnetised region in the ICM, where B > 
S cm j,, should show bright radio emission, proportional to 
the column density X n s of magnetised gas, given by equa- 
tions l[5TT ]l -l[53 )l . 

The surface brightness in equations (|5.1[) - (|5.2[1 is mod- 
ified if the plasma properties are variable. As the CRE dis- 
tribution evolves over a CRE cooling time (given in equa- 
tion (|4.1|l 'l. magnetic evolution during the past ~ t coo i is 
imprinted upon the radio signal. Recent magnetic growth 
(decay) thus leads to enhanced (diminished) radio emission 
followed by spectral steepening (flattening), subsequently re- 
turning to the steady state, a ~ — 1 spectrum. High reso- 
lution radio spectra could be used to reconstruct the recent 
evolution of the magnetic field, constraining the dynamical 
state of the cluster. 

Of particular interest is the simple case of a fast, A <C 
tcooi plasma transition at time t = 0, involving arbitrary 
transitions m — > 712 = r g n\ in density, b\ — > b% — Tab\ in 
normalised magnetic field amplitude, and Af C r,i — > N cr ,2 = 
r cr N CTt i in CR density. The radio emission is initially bright- 
ened by a factor rs 2 r- cre (assuming flat injection), while re- 
taining the initial, t < spectrum. This early time emission 
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is related to the late time, steady-state emissivity by a factor 

n ^MAt<t«t t ) 
3u\t > t coo i) 
_ni Bl + B 2 mb -i 1 + 6| 
n*' B 2 + B 2 mb rg l + bj- 

This factor relates, for example, the value of J„/A n at the 
edge of a shock-induced relic, to its value in the downstream 
halo. These result are not unique to a shock, and would 
apply for any disturbance propagating in the ICM. 

Note that the brightness change in equation (|6.1[) is in- 
dependent of the CR amplification factor r cr , because CRIs 
and CREs at a given energy experience the same amplifica- 
tion. These amplification factors are important, for exam- 
ple, in relating the emission upstream and downstream of a 
shock. We thus showed in H4.2l that CRs with a flat spectrum 
(the flattest spectrum attainable in DSA) are amplified by 
a factor of M 2 at weak shocks, independent of the details 
of the diffusion mechanism or even the equation of state. 

We parameterise the CRI distribution as an N p oc n a 
scaling with the gas density. Analysing the morphologies of 
two well studied GHs in 33 we find that a = 0.2 ±0.1 
within r < 2r c (see equation (|3.22|) '). with evidence for flat- 
tening (towards a = 0) at smaller radii. In an independent, 
complementary method, we fit the radio brightness peaks 
of all relics and halos in relic clusters, as a power-law in 
column density, accounting for the temporal magnetic evolu- 
tion in relics by introducing a free parameter cb- This yields 
a = —0.3 ±0.2, both if we assume that relics are M — 2 
shocks (see equation (|5.9|) . corresponding to ta ~ 4%), and 
if we assume that they are magnetisation fronts (see equa- 
tions (|5.5[) ; here es ~ 20%). These estimates are consistent 
with a homogeneous, a = distribution of CRIs, consid- 
ering the systematic uncertainties, although we cannot rule 
out small deviations from homogeneity. 

6.1.2 Different radio sources in the model 

In our model, flat spectrum GHs arise from steady state, 
strong magnetic fields, illuminating the secondary CREs in 
radio waves. Relics have a similar origin, but are additionally 
amplified at their outer edge by a factor 1Z due to recent, 
shock-induced magnetisation. The region connecting a relic 
with its downstream halo can be thought of as a halo ex- 
tension, observable where the column density of magnetised 
gas is sufficiently high, in the form of a halo-relic bridge or 
a halo protrusion. 

A steep radio spectrum or spectral steepening are in- 
terpreted in our model as arising from any combination of 
recent magnetic growth, CRE diffusion across an irregular 
magnetic field, and strong magnetic variability about a con- 
stant mean. This naturally explains the downstream steep- 
ening behind some relics, the steep halos recently observed, 
and the steepening towards the edges of some flat halos. In 
some of these cases, evidence of recent magnetic growth is 
independently inferred from observations. 

For example, in our picture, relics gauge the time that 
elapsed since the merger event that presumably magnetised 
the cluster. Thus, a relic close to (far from) the centre of the 
cluster indicates a young (middle-aged) merger, whereas a 
relaxed halo with no relic corresponds to an old merger. 



Among the halo-relic clusters, relics lying within ~ 1 Mpc 
from the cluster's centre are preferentially found next to a 
steep halo, as shown in H5.5I This central relic-steep halo 
association supports the notion that the steep spectrum of 
the halo reflects a young merger, involving recent magnetic 
growth, an irregular magnetic morphology, and strong tur- 
bulence. 

We therefore propose searching for steep GHs in clus- 
ters where central relics have been observed. Conversely, we 
suggest that irregular features found in steep halos, such as 
the nearly radial protrusion West of the GH in A697, and the 
radio filament Southwest of the GH in A1914, are associated 
with shocks. 

The model suggests that MHs in relaxed, cool core clus- 
ters would never show a steep, a < —1.5 spectrum near their 
centre, because their regular morphology reveals little recent 
magnetic evolution in the past t coo i. This is consistent with 
observations, although present knowledge about the spec- 
trum of MHs is limited. 

Note that in addition to magnetic evolution and CRE 
diffusion, some spectral steepening may also arise from the 
energy-dependence of the cross section for secondary CRE 
production, in cases where the CRP spectrum is sufficiently 
steep (see KL10). However, in H6.5l we show that relics reveal 
a flat, s p ~ —2.2 CRP spectrum, so the steepening induced 
by the cross section is small, of order Aa ~ 0.1. 

6.1.3 Halos in relic vs. non-relic clusters 

We noted in H3.5I that the GHs in the present sample are 
brighter by a factor of a few, on average, than the GHs 
in the KL10 sample, and show a larger dispersion in the 
central radio to X-ray brightness ratio rjo- This can be seen 
for example in the rj values plotted in Fig. 1121 and in the 
kinematic emissivity vj v /n shown in Fig. 1291 

In these figures, central radial bins are used for the GHs 
in the KL10 sample, whereas the brightest radio regions are 
used for the GHs in the present sample, typically located 
near but not precisely at the centre of the cluster. Note 
that the A521, A1300, and A2256 are steep halos, where vl v 
depends strongly on v, contributing to the large dispersion. 

An important difference between the two samples is the 
association with relics. The GHs in the present sample are 
all (except A2219, which is contaminated and excluded from 
the analysis) found in clusters which also harbour a relic, 
while only one of the GHs studied in KL10 harbours a relic 
— A2163 — which also shows the highest vj v jn value within 
its sample. 

As mentioned above, timing mergers using relics, we 
may interpret GH clusters devoid of a relic as old mergers, 
where the relics have already left the system. Therefore, the 
larger dispersion in halo brightness among relic clusters may 
be due to I v variations induced by recent magnetic evolu- 
tion. The lower halo brightness in non-relic clusters could 
be attributed to more substantial magnetic decay, leading 
to weaker or more patchy magnetic fields than found in relic 
clusters. 

With the present data, we can only infer from the relic 
travel time that in such a scenario, magnetic decay would 
proceed on timescales longer than ~ 1.5 Gyr. Better halo 
and relic statistics could be used to constrain the details of 
the magnetic decay process, using relics as merger clocks. 
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6.I.4 Relics in non-halo clusters 

Clusters with a GH but without a relic can be explained as 
old mergers or as newborn halos where the shocks are still 
embedded in the halo. But what is the origin of relics found 
in clusters that do not harbour a GH? As mentioned in H2.31 
in spite of the association of halos and relics with mergers 
and with each other, we find no evidence for an enhanced 
incidence rate of halo/relic detection in relic/halo clusters. 
Although a quantitative treatment of the selection effects 
involved is yet to be performed, this observation suggests 
that relics in non-halo clusters are abundant. 

Note that some of these non-halo relics are brighter than 
relics found in halo clusters at similar radii, for example the 
relics in A115 and in RXJ1314, and the double relic system 
in A3376. A subset of non-halo relics may not be associated 
with the cluster's CRI distribution but rather with local CR 
sources, such as AGNs. Another subset of relics could arise 
from primary CRE acceleration in stro ng accretion shocks 
l|Ensslin et al.| [l998; Kcs het et"al]|2004i ). in particular those 
relics found at large distances from the cluster's centre. 

Consider those non-halo relics that are generated by 
the cluster's homogeneous CRI distribution. Some of them, 
in particular the r < 1 Mpc relics, may lie near an unde- 
tected steep spectrum halo which was not selected by high 
frequency observations. Alternatively, one could explain the 
absence of a halo by invoking scenarios in which the central 
magnetisation is weak or substantially delayed. The merger 
involved could be minor, insufficient to magnetise the cen- 
tral parts of the cluster to B cm b levels, but still capable of 
forming a relic shock. The absence of a central radio shock 
trail may arise if the shock is ingoing rather than outgoing, 
if its trajectory is offset from the cluster's centre, or if it was 
very weak when passing through the cluster's centre. 



6.2 Magnetic field distribution with es ~ const. 

In Ej3] we presented evidence showing that at small radii 
I v oc A n , whereas at large radii I v oc Fx (away from sub- 
structure and contaminations). We interpret this as a linear 
dependence of the radio emissivity upon density at small 
radii (flat region), j v oc n, and a quadratic, j v ~ n 2 scaling 
at large radii. For emission from secondary CREs produced 
by a homogeneous CRI distribution, j v oc nB 2 / (B 2 +B 2 mb ), 
so this behaviour naturally arises if the magnetic field de- 
clines radially, approximately as B 2 ~ n. Thus, the strong, 
B > B cm b fields in the central region saturate the depen- 
dence on B such that j v oc n, whereas in weakly magnetised 
regions j v oc n(B / B cm b) 2 oc n 2 . Such radial breaks, mark- 
ing the transition from strong to weak magnetic fields, were 
discussed in KL10. 

Extrapolating the magnetic field from the radial break 
towards the centre of the cluster by assuming B 2 oc n, i.e. 
that the magnetic energy density ub constitutes some fixed 
fraction es of the thermal energy density uth, yields strong 
central magnetic fields, as indicated in KL10. Here, for ex- 
ample, we obtain Bo ~ 30 /iG in A665 and A2163. Note, 
however, that (i) the large radii scaling I v oc Fx is not well 
constrained by our analysis, although it was more carefully 
demonstrated in other studies mentioned below; and (ii) the 
observations could be explained equally well by saturation 



to any constant B in the flat region, but this is less natural 
than assuming a monotonic decline in B. 

In the framework of a putative, primary CRE model, 
the same emissivity scaling arises if the CRE energy density 
ti e is assumed to be some fixed fraction of uth, provided that 
the magnetic field behaves as described above in the context 
of a secondary CRE model: B > B cm b (or simply constant) 
at small radii, and B 2 ~ n at large radii. Therefore, u p ~ 
constant secondary CRE models and u e ~ n primary CRE 
models require precisely the same magnetic scaling. 

Indeed, studies assuming primary CREs h ave reported a 
B 2 oc n scaling at large radii (see, for example. iMurgia et al.l 
|2009| ; IVacca et alj|20ich . Note, however, that primary mod- 
els that assume equipartition between CREs and the mag- 

netic field, u e = ub (and not just u e oc ub; see e.g., 

IVacca et all l20ld ). fail to reproduce the observations at 
small radii, because equipartition typically implies that B < 
B crn b even in the central region. 

We find that significant magnetic amplification, on the 
order of es ~ 10%, is needed in order to explain relics using 
the secondary CRE model. However, the inferred value of 
e_B is somewhat degenerate with the shock strength. Thus, 
for a typical relic shock Mach number M — 2, our relic sam- 
ple yields es — [4,10]% (see Figs. |2T>1 and I30|) . whereas for 
M — > 1 it requires es ~ 20% (see Fig. [25]). Moreover, these 
estimates rely on /3-model extrapolations of the column den- 
sity to large radii, and so are vulnerable to the ~factor 2 
uncertainty of the /3 models. 

6.2.1 Apparent saturation at es ~ 0.1 

Assuming that the radial profile of the magnetic field de- 
clines with increasing radius such that ub oc u t h, one may 
use the radial break to gauge the magnetic field throughout 
the cluster. In the two GHs with a regular X-ray morphol- 
ogy, A665 and A2163, we thus obtained an acceptable mor- 
phological fit, indicating that the central magnetic field is 
approximately -Bo ~ 30 /iG in both cases. In A2163, this cor- 
responds to a magnetic fraction e_g ~ 10%. In A665, where 
a weak shock is identified ~ 400 kpc from the centre, we 
obtain a higher, es — 20% magnetic fraction. 

Similar magnetic fractions, typically es > 5%, are also 
inferred from lower limits on the central magnetic fields in 
GH clusters, obtained by KL10 by assuming that ub on uth 
and that the GH size is no smaller than the magnetic 
break radius Rb ■ Indeed, in H6.8I we show that assuming 
that Up and es are universal constants, approximately re- 
produces the P v -Lx and P v -R v correlations observed (see 
equations (|6.24l) and (|6.25p ). 

Combining these results suggests that the magnetic 
fields in GH clusters share, approximately, a universal mag- 
netic fraction, on the order of 10% of the thermal energy den- 
sity. However, the magnetisation of GH clusters are thought 
to be magnetised by the turbulence and shocks induced by 
a merger event, and the merger details and histories differ 
among different GHs. Therefore, our results suggest that in 
both halos and relics, the magnetic field has reached a sat- 
uration level of tB ~ 10% (within a factor of a few), above 
which further magnetic growth is quenched. 

Such magnetisation levels are higher than thought to 
be induced, microscopically, even by a strong shock, where 
e ~ 1% is typically assumed. Therefore, inferring es — 10% 
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both behind weak shocks and in turbulent regions in the 
ICM suggests that in both cases, the plasma is magnetised 
to a saturation level by the turbulent motions. For a discus- 
sion of turb ulent magnetisation a rising from shock-induced 
vorticity, see lSironi fc Goodman! |2007l ). 

6.3 The results disfavour primary CRE models 

There are several indications that primary CRE acceleration 
is unlikely to play an important role in halos. Some of the 
evidence was outlined by KL10, who showed that neither 
GHs nor MHs are likely to arise from primary CREs. How- 
ever, it was so far thought that radio relics do arise from 
primary CREs. 

The present study shows that modeling relics as pri- 
mary CRE acceleration or reacceleration leads to unnatural 
conclusions, whereas relics are easily explained in the frame- 
work of a secondary model, if magnetic amplification in the 
shock or in its wake are taken into account. This is based on 
the universal, flat spectrum observed at the edges of relics, 
the varying degree of inward steepening, the multiple con- 
nections between halos and relics such as halo-relic bridges, 
and the relation 77 ~ (n/no)~ 1 r]o1Z which is satisfied by both 
halos and relics. 

Primary CRE models attribute GHs and relics to dif- 
ferent physical processes, typically electron acceleration or 
reacceleration in turbulence and in shocks, respectively. 
However, the numerous connections between halos and 
relics, outlined in Sj2[ are highly unnatural if the two phe- 
nomena arise from CRE populations of such a different ori- 
gin, and it is necessary to fine tune the acceleration param- 
eters. In contrast, halos and relics are essentially identical 
in our secondary CRE model, and the connections between 
them arise naturally, as shown in i |5.II 

This argument complements and strengthens an analo- 
gous relation between GHs and MHs, pointed out by KL10. 
Namely, the environments of GHs and MHs are very differ- 
ent from each other, with GHs extending over large volumes 
in the low density ICM of merger clusters, and MHs found 
in the high density cores of relaxed clusters, in direct asso- 
ciation with cold fronts. In a primary CRE framework, the 
nature of particle acceleration and the resulting CRE pa- 
rameters should differ substantially between the two types 
of sources. However, the properties of GHs and MHs are very 
similar (same radio-X-ray relations, spectrum, morphology, 
and weak polarisation), and some clusters show features of 
both (e.g., cool cores and CFs in some GH clusters, and 
an apparent transition from a MH to a GH in A2319; see 
KL10). This occurs naturally in our secondary CRE model, 
but requires fine tuning and ad-hod assumptions in a pri- 
mary framework (see KL10). 

Therefore, primary CRE models are strongly dis- 
favoured by the present analysis, as a viable explanation for 
either GHs, or MHs, or relics. As all three types of sources 
can be explained as secondary emission from the same pri- 
mary CRI distribution, it would be unlikely for any of them 
to show a substantial contribution from primary CREs. 

Additional evidence favouring secondary CRE models: 

(i) In both primary and secondary CRE models, fitting 
the GH morphologies implies that the central magnetic field 
is strong, as shown in i]6.2l In a primary model, it is assumed 



that secondary CREs are negligible, but this would imply 
that the primary CRIs constitute a fraction £ p <C 10~ 3 of 
the thermal energy density in the centres of clusters. Such 
a small value of £ p would be difficult to reconcile with the 
expected CRI output of SNe and the virial shock; see i\6.7\ It 
may also contradict the level of CRI output from the same 
putative CRE sources. 

(ii) Weak shocks are observed at the very edges of sev- 
eral GHs, as described in H2.3I At least in some cases, the 
spectrum at the edge is flat, a ~ —1, and steepens behind 
the shock, in resemblance of relic spectra; see for example 
the shock in A665 shown in Fig. In the secondary CRE 
model, this is precisely the expected behaviour, as there is 
no essential difference between such shocks and relics. In pri- 
mary CRE models, however, turbulent acceleration cannot 
explain the radi o emission immed iately behind the shock 
(see for example iGovoni et al.|[20o3 ). nor the spectral steep- 
ening, whereas weak shock acceleration cannot explain the 
emission far from the shock. It is possible in principle to 
invoke a combination of weak shock acceleration near the 
shock and turbulent acceleration far from it, but fine tuning 
would be necessary. 

(iii) Reacceleration of particles can be ruled out in relics 
that show a pure power law spectrum. Acceleration of par- 
ticles according to DSA also provides an unnatural explana- 
tion for the observed relic spectra, as argued in fj2] We pre- 
dict a pure power-law spectrum immediately behind shocks 
at the edges of halos; if confirmed, this would have similar 
implications for acceleration and reacceleration in halos. 

(iv) In H4.2I we showed that a weak shock propagating 
into a medium with a preexisting, flat distribution of rela- 
tivistic particles, can only lower the energy fraction of these 
particles. This suggests that weak shock reacceleration of a 
non-cooled, low energy distribution of CRs is inefficient, and 
unlikely to play an important role in relics or halos. 

6.4 Kinematic radio emissivity k 

In order to evaluate the energy density u p of the CRIs, 
we must first compute the steady-state, kinematic (i.e. per 
unit density) radio emissivity of the diffuse sources. We 
thus normalise vl v to the gas column density X n , for each 
sources, and correct for the cosmological dimming. Assum- 
ing a = —1, no k-correction is needed for the combination 

Vjv, SO 

fc = ^~4 7 r(l + *) 4 ^ , (6.2) 

where X n is computed using the /3-model of each cluster. 

For a homogeneous distribution of CRIs, k is constant 
within a cluster, in all strongly magnetised regions. Measur- 
ing the value of k along a single, highly magnetised line of 
sight, where X„ ~ \ n B, thus fixes the value of u p through- 
out the cluster. The most reliable estimate of u p is based on 
the centres of GHs, where the approximation A„ — A nB IS 
good. For relics, one needs to correct for the magnetic field 
evolution. 

6.4-1 k in Halos 

Equation (|6.2|) provides a good approximation for the kine- 
matic emissivity in the centres of regular, flat spectrum GHs. 
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Here, it is reasonable to assume that the gas is highly mag- 
netised, temporal evolution is slow, and the integral A„s in 
equation (|5.1[) approaches X„. For sources that are weakly 
magnetised, are not very extended, or are seen in projec- 
tion, \ n overestimates the column density \ n B of the mag- 
netised gas, so equation (|6.2p underestimates the true kine- 
matic emissivity. 

The kinematic emissivity estimated in halos using equa- 
tion (|6.2|) is shown in Fig. 1291 plotted against the column 
density. Results are shown both for the present sample of 
brightest halo emission in relic-cluster GHs, and for the ra- 
dial profil es of GHs and MHs studied by KL10 using radio 
data from lMurgia et all ((2009) . Also shown is the radial pro- 
file o f the GH in A2744, d iscussed in i ]3.4.3l using radio data 
from lMurgia et all (|2009h . Notice that for A2163 and A2744 
we show both a radial profile and a data point correspond- 
ing to the brightest emission; the differences between them 
reflect the radial binning and the azimuthal averaging of I v . 
As in KL10, MH data is shown only where the contamina- 
tion from the central AGN is less than 10%. Note that the 
estimated k values in MHs are systematically less certain 
than in GHs, because the /3-model provide in general a less 
accurate fit for CCs. 

The radial profiles indicate that the kinematic emissiv- 
ity is nearly uniform towards the centres of the GHs in A665, 
A773, and A2163 (brown triangles). Indeed, a constant kine- 
matic emissivity corresponds to a homogeneous CRI energy 
density and a strongly magnetised plasma, as discussed be- 
low and shown using the right axis of the figure. 

However, the radial profiles of the GHs in A2218, A2319, 
and A2744 (green triangles), and in all the MHs (see radial 
fits in figure 2 of KL10), show a decline in k with increas- 
ing radius (i.e. towards the left in Fig. I29|l . The reasons for 
such a radial decline were discussed in ij3]and in KL10. They 
consist of a combination of weak or patchy magnetisation, 
asymmetry, substructure, shocks, and contaminations, ag- 
gravated by the averaging and binning procedures. In MHs, 
the radial decline is also associated with the sharp drop in 
magnetisation above the CFs. These effects lead, in general, 
to an underestimated value of k, and therefore of u p , at large 
radii. 

In the specific case of A2744, we showed in £|3.4.3I that 
in spite of the azimuthally averaged radial decline in k, the 
data is consistent with a homogeneous distribution of CRIs, 
masked by the highly irregular X-ray morphology (see in 
particular Fig. llOp . As such a homogeneous CRI distribution 
is inferred in all three halos with good data studied in Sj3[ it is 
likely that a careful analysis of the GHs in A2218 and A2319 
and of the MHs would reveal a similar distribution; however, 
this is not possible using the data presently available to us. 

Assuming a homogeneous CRI distribution in each clus- 
ter, our best estimate for its density is based on the most 
central data point available, where A n and the magnetic field 
are maximal, and the artifacts mentioned above are min- 
imised. The systematic errors due to the finite sizes of the 
sources, projection effects, weak magnetisation, substruc- 
ture, and shocks, all tend to lower our estimated kinematic 
emissivity with respect to its true value. 

On the other hand, the above estimates have all as- 
sumed steady-state magnetic fields and CRE injection. Re- 
cent magnetic growth or an irregular magnetic field config- 
uration can locally brighten the radio emission. In such re- 



gions, the k values computed from equation (|6.2[) may over- 
estimate its steady-state value. 

Our approximation is probably justified in the centres 
of halos, at least in those that show a regular morphology 
and a flat spectrum. In particular, estimates based on the 
points of maximal radio brightness along the GH, shown in 
Fig. [29] as black disks, may be somewhat more reliable, as 
they correspond to optimal projection and magnetisation. 
Notice that these data span a factor of ~ 7 in k (and there- 
fore in Up); similar to the dispersion found in the central 
radio-X-ray brightness correlation. 

The estimated u p values may be inaccurate in irregular 
GHs such as A2255, and in steep GHs such as A521 and 
A2256. Note that in the latter, a k-correction would lead 
to a slightly higher kinematic emissivity than shown in the 
figure, but the results would be frequency dependent. 

6.4-2 Relics: correcting k for temporal evolution 

Temporal variations in the magnetic field and in the CRE 
injection rate can modify the emissivity with respect to its 
steady state value, which is the quantity we need in order to 
compute Up. In relics, this effect is strong, and we correct for 
it using the time dependent model of iJJ] For this purpose, we 
identify the brightest relic emission as the near-downstream 
region of a shock or a magnetisation wave. 

Here, the peak radio emissivity exceeds its steady-state 
downstream value by a factor 1Z, and the column density is 
raised by a factor r g with respect to the upstream. Correct- 
ing for these effects, we estimate the steady-state kinematic 
emissivity in relics as 



Mi + Z y 

Vlv 



(6.3) 



4tt(1 + zf 



A„,„(l + &2) 



where we assumed a weak upstream magnetisation, b u -C 1. 

The main approximation here, A n s — A n , is less justi- 
fied than it is in the centres of regular GHs, because relic 
magnetisation is weaker and is confined to one side of the 
discontinuity. Indeed, due to the curvature of the disconti- 
nuity and its finite area, only a fraction of the line of sight 
passes through strongly magnetised plasma. Nevertheless, 
the approximation is plausible if the discontinuity surface is 
parallel to the line of sight, because (i) we choose the point 
with peak radio brightness, corresponding to optimal pro- 
jection; and (ii) the gas density declines rapidly, roughly as 
n ~ r~ 2 , outside the core. 

We assume that the A n values computed using the /3- 
model pertain to the upstream, as in some cases we find the 
X-ray brightness near relics to be elevated with respect to 
its /3-model estimate (see Sj3j. The resulting, corrected values 
of the steady-state kinematic emissivity are plotted against 
A in Fig. 1301 using equation (|6.2p for k in GHs, and equa- 
tion (|6.3[) for k* in relics. Here we assume that all relics are 
associated with M = 2 shocks, with a magnetic energy frac- 
tion €b = 10% downstream. As in we omit the uncertain 
relics in A754 and in A2034. 

In the figure, dashed red lines connect halos and relics 
that are found in the same cluster. The shock parameters 
M and es were fit to produce, on average, lines with k ~ 
k* , corresponding to a homogeneous CRI distribution, in 
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Figure 29. Kinematic (per unit density) emissivity (left axis) of GHs (filled symbols) and MHs (empty symbols), and the corresponding 
CRI energy density between 10 GeV and 10 7 GeV (right axis). The halo data in the present sample, consisting of the brightest radio 
emission of GHs found in relic clusters, are shown as black disks. The radial profiles of the GH in A2744 and i n the halos studied in KL10 
are shown as triangles, connected in each halo by lines to guide the eye, using radio data from lMurgia et"aL 1 1120091 1. These radial profiles 
are shown for both GHs (filled green or brown triangles) and MHs (empty cyan triangles), where only the central data points are labeled 
with the cluster's name, and include error bars. The CRI energy density of each source (shown using the right axis) is computed assuming 
an s p = —2.2 CRP spectrum, according to equation Q6.130 . For reference, we also show (with the right axis) the energy densities of the 
CMB (dotted pink horizontal line) and of the downstream of a typical virial shock, assuming = 10 -5 cm -3 and kgT^ = 10 keV 
(dot-dashed purple line). 



analogy with the fit procedure demonstrated in Figs. 1251 and 
1261 Indeed, the k and k* values in most halos and relics (and 
therefore, u p in their respective clusters) span a factor of ~ 
7, similar to the dispersion in the central vI v ~Fx correlation. 
Notice that lower values of M and es would correspond 
to a CRI density increasing with radius; significantly larger 
values of these parameters are unlikely. 

The shock parameters M and es play a degenerate role 
in determining the correction factor in equation (|6,3[l . as 
bd oc (5M 2 — l)es. For simplicity, we assumed that they 
have the same values in all relics, but in reality they are 
likely to vary with cluster parameters and with r. For ex- 
ample, simulations s uggest that strong er shocks are found 
at larger radii (e.g., IVazza et alj|201fj ). Adopting M val- 
ues that increase with r would lower the values of k* in the 
more peripheral relics, resulting in a flatter u p distribution, 
for example in Coma and in A3376, but not in A2255. 

6.5 CRP spectrum 

In order to convert the measured kinematic emissivity k to 
the CRI energy density u p , we must first determine the CRP 
spectrum. If the spectrum is not flat, this conversion depends 
on v and on B, through the E e -dependence of the cross 
section for CRE production. 

One possibility is to compute the CRP spectrum based 
on the centres of regular, flat spectrum GHs, where steady- 



state injection and magnetic fields are plausible. However, 
the existence of steep spectrum GHs, and the sensitivity of 
the spectrum to spatial and temporal irregularities, would 
render such an estimate uncertain. 

Moreover, the magnetic field is strong in the centres of 
GHs, and in the strong field regime a is not sensitive to s p 
(see figure 3 of KL10) . Thus, depending on the magnetic field 
value, the radio spectral range a ~ —(0.9-1.1) observed in 
the centres of flat GHs could be explained by CRP spectral 
indices in the range s p = —(2-3). In addition, one expects 
deviations from a pure power law near E p ~ GeV. For a 
given v, a strong field implies lower E e , so the contribution 
of such low energy CRPs becomes increasingly large. 

The radio spectrum is sensitive to s p when the magnetic 
field is weak. For example, for B = B C mb{z — 0), we obtain 
(see Fig. 3 of KL10, inset) 

s p ~ 2.15ai. 4 . (6.4) 

Here we used model A of KL10, adopting the spectral fits for 
e + and e~ productio n in inelastic p-p scattering according to 
iKamae et al.l (|2006i ). with corrected parameters and cutoffs 
(T. Kamae & H. Lee 2010, private communications), and the 
5-function approximation of F syn in equation Q4.580 . which 
is accurate when s p (E p ) varies slowly. Thus, in a steady- 
state region known to be marginally magnetised and uncon- 
taminated by substructure or discrete sources, measuring 
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Figure 30. The kinematic radio emissivity k in GHs (black disks and triangles, computed using equation 116.21 ) and the estimated 
steady-state emissivity fc* in relics (other symbols, denned in Fig. [T] computed using equation 1 16. 31 1 assuming relic shocks with M = 2 
and eg = 10%), plotted (using the left axis) along with the corresponding CRI energy density between 10 GeV and 10 7 GeV (right 
axis), against the column density. Notations are identical to those used in Fig. 1291 To reduce clutter, we show only the innermost data 
point for each radial GH profile displayed in Fig. 1291 In clusters that harbour both a halo and a relic, the two sources are connected by 
a dashed red line. 



ai.4 = —1.0 would imply that s p ~ —2.2, whereas measur- 
ing Qi.4 = —1.4 would indicate s p ~ —3.0. 

Several GHs show spectral steepening with increas- 
ing freque ncy, increasing radius, or decreasing tempera- 
ture (see iFeretti fc Giovanninil |200S| ; iFerrari et all |200S| : 
lOiovannini et al.ll2009l . and references therein). KL10 used 
the radial spectral steepening observed in GHs such as A665, 
A2163, and A2744, from a ~ -1.0 to a ~ -1.4, to infer 
a steep CRP spectrum, s p < —2.7. However, as shown in 
SjH such spectral steepening can arise from recent magnetic 
growth, in particular downstream of shocks. The presence 
of shocks or relics in the vicinity of the steep spectrum re- 
gions in all three clusters mentioned above, suggests that 
the origin of their spectral steepening is, at least in part, 
dynamical. 

In some clusters, a flat radio spectrum is measured in 
regions in which we infer magnetic fields of order B cm t,; see 
for exa mple the r ~ 500 kp c region of A2163 in the spectral 
map of lFeretti et al.l (|2004h . and the slices through this map 
shown in Figs.[4]and[5] Such observations suggest a flat CRP 
spectrum, in the range s p = —[2.0, 2.4]. However, these esti- 
mates are still sensitive to unconstrained dynamical changes 
in CRE injection and in magnetisation. 

As shown in §Q immediately downstream of a shock, 
at distances A <C Vdt coo i, the radio spectrum reflects the 
CRE distribution upstream. Upstream of mergers shocks, 
it is much more plausible to assume steady state, regular 
magnetisation and injection, than it is in the turbulent, post- 
merger ICM. Hence, the radio spectrum measured at the 



outer edges of shocks, found either in relics or at the edges 
of GHs, provides a direct diagnostic of the CRP spectrum. 

The spectrum at the edges of relics are typically found 
to be in the range a = —[1.0, 1.1], as shown in Table [T] for 
relics at distances r ~ [0.9, 2] Mpc. A similarly flat spectrum 
is found behind the shock marking the r ~ 400 kpc edge of 
the GH in A665 (see Fig. [7]), and behind the suspected shock 
in A2219 (see Fig.[23l). 

These observations, showing a similar radio spectrum 
in low magnetised upstream regions spanning a wide range 
of radii, suggest a universal CRP spectrum in clusters. Com- 
bining the spectra inferred at the outer edges of the relics 
summarised in Table [1] and interpreting them as a univer- 
sal spectrum, yields a — —1.02 ± 0.02. Assuming that the 
magnetic fields in the downstream regions are B < 10 /J.G, 
we may use equation (|6.4|) to obtain 



-2.20 ±0.05 



(6.5) 



For such a flat CRP spectrum, the spectral steepening 
of secondaries due to the energy-dependence of their produc- 
tion cross section is minor, of order |Aaj ~ 0.1, as shown in 
Fig. 3 of KT10. The steady state radio spectrum is there- 
fore flat over a wide range of frequencies and magnetic field 
strengths, as long as equation (|6.5I) is valid in the corre- 
sponding CRP energies. Spectral deviations are expected in 
very low frequencies and strong magnetic fields, where the 
typical CRP energy responsible for the emission approaches 
1 GeV, as discussed in KL10. 

Conversely, in our model, assuming that the 3> GeV 
CRP spectrum is well fit by equation (|6.5[) . spectral devia- 
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tions from a = — 1 in uncontaminated regions are all associ- 
ated with temporal changes in magnetic fields and in CRE 
injection, or with CRE diffusion and an irregular magnetic 
configuration, except in low frequencies and strongly mag- 
netised regions where E e < 1 GeV (see equation (|4.51|> ). 

A correlation was reported between the distance of a 
relic from the cluster's centre, the size of the relic, and its 
spectrum: more distant relics tend to be larger and show a 
flatter spectrum ijvan Weeren et ail 120091 ;). One possible in- 
terpretation involves CRI injection near the centre of the 
cluster, and energy-dependent CRI diffusion outwards, as 
suggested by KL10. However, the reported correlation in- 
volves the spatially averaged relic spectrum, which depends 
on the threshold and does not directly reflect the spectrum 
of the CRIs. For example, spectral steepening behind the 
relic should be stronger for nearby relics, where the down- 
stream magnetic field can significantly exceed B cm b- 

6.6 CRI energy density 

For a flat, a = — 1 synchrotron spectrum, the logarithmic 
energy injection rate Q of CREs, defined in equation (|4.23[) . 
is related to the synchrotron emissivity through 



18.0 



Q = 2(1 + b">j„ 



(6.6) 



For a homogeneous CRI distribution, Q is proportional to 
n. If, in addition, the magnetic field is strong, we may ap- 
proximate the kinematic (per unit density) injection rate as 

Q/n = 2(1 + b~ 2 )k ~ 2k . (6.7) 

In £16.41 k was estimated from observations, so we can now 



use equation (|6,7|) to determine the CRP energy density u p 
by finding its relation to Q/n. 

We use model A of KL10 to compute Q/n for an ar- 
bitrary CRP spectrum. Integrating the CRP distribution 
weighted by the inclusive cross sections a (E e , E p ) for e 
production, the kinematic injection of CREs is given by 

du p dhiEp 

(b.8J 



z (E e ) 



cE e 



da ± (E e , E p ) 



dlnEe 



Fitting form u lae for da ± /din E e are provided by 
iKamae et al.l l|2006h . with corrected parameters and 
cutoffs (T. Kamae & H. Lee 2010, private communications). 
These cross sections take into account diffractive dissoci- 
ation processes and the Feynman scaling violation, and 
incorporate the A resonance as well as several hadronic 
resonances around 1.6 GeV/c 2 . 

Assuming that the CRP spectrum is a pure power-law, 



we may use equation (|6.8[) to compute the ratio C p /k as a 
function of s p , for a given value of the synchrotron-emitting 
CRE energy E e . The ratio C p /k is not sensitive to E e when 
the CRP spectrum is flat, but depends strongly on it when 
s p < —2.5. The typical energy of a CRE emitting at v = 
1.4 GHz in a B ~ B cmb field at z — is E e ~ 6 GeV (see 
equation (|4. 511) 1. 



For s E 



-2.2, which appears to be the relevant case 



for the CRP distribution in galaxy clusters as shown in 
combining equations (|6.8[) and (|6.9I) yields 



Cp/k 



2.8 x 10 16 s cm" 3 
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Figure 31. The ratio between the logarithmic CRP energy den- 
sity dup/dln E p at E p = 1 GeV, and the kinematic synchrotron 
emissivity k, as a function of the CRP spectral index s p . We 
compute C p / k from equation l|6.8|l for E e = 6 GeV (solid curve) , 
2 GeV (dashed), and 20 GeV (dot-dashed). Also shown is the 
s e = s p = —2 approximation of equation l|6.12[l (red circle). 



constant to within < 4% as E e changes by a factor of 3 from 
its canonical value E e = 6 GeV. In Fig. [31] we plot the ratio 
Cp/k for a range of CRP spectral indices, for CRE energies 
E e /GeV = 2, 6, and 20. 

To demonstrate these results, consider a flat CRP spec- 
trum, s p = —2, and assume for simplicity that the resulting 
CRE spectrum is also a flat, s e = —2 power-law. (This ap- 
proximation is good to ~ 10% for E e > a few GeV; see 
KL10 .) Here one may approximate (e.g., iKushnir et al.l 
l2009h 



E. 



da^ 



■+E~ 



da 



nel -E 2 p S(Ep-WE e ) , (6.11) 



dlnE e + dlnE e - 10 

where ai ne i ~ 40 mb is the total cross section for an inelastic 
p-p collision. In this approximation, 



1.7 x 10 16 s cm" 3 



(6.12) 



(6.10) 



k ca inei / 10 

shown in Fig. [31] to be in approximate agreement with the 
numerical results. 

Next, we consider the total energy density of CRIs. 
For Sp — —2.2, integrating the CRP distribution 
of equations (|6.9[) and (|6.10[) over the energy range 
[10 GeV, 10 7 GeV], we find 

«p[io,ioT] = 8-2 x 10~ 14 ( 10 -30 s -i ) erg Cm ~ 3 ' 

(6.13) 

The upper limit 10 7 GeV, corresponding to the position of 
the knee in the Galactic CRP spectrum, is not well justified 
here, but the results are not sensitive to its value; allowing 
infinite CRP energies raises the coefficient in equation ()6.13|) 
by < 7%. 

The values of M p [io,io'<'] inferred for the sources shown 
in Figs. [2U and [3D] are provided by the right axes of these 
figures, using the normalisation in equation (|6.13[) . The halo 
centres and the classical relics show k values in the range 

k = 111 >!/, ' i : J erg s- 1 . (6.14) 

Using equation (|6.13p . we conclude that the CRI energy den- 
sity in these clusters lies in the range 

-i n -[12.4,13.31 -3 / c ,ri 

"p[io,io^ - 10 erg cm . (6.15) 
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As the figures show, this is much smaller than the thermal 
energy density Uth, except possibly at the outskirts of the 
cluster. 

This CRI energy density is in go od agreement, in the 
centres of clusters, with the estimate of lKushnir et al.l (|2009l . 
based on the P v -Lx correlation in GHs) and with the esti- 
mate of KL10 (based on the vI v -Fx in the centres of halos). 
All three estimates are dominated by the central regions of 
GHs, and show that CRIs hold a fraction e p ~ 10 -3 (with 
an uncertainty factor of a few) of the thermal energy density 
in the centres of massive clusters. 

However, here we infer a much higher CRI energy den- 
sity at the peripheries of clusters, because the CRI distribu- 
tion is shown to be homogeneous, rather than declining ra- 
dially. Indeed, interpreting relics as emission from secondary 
CREs implies that the CRI distribution is homogeneous out 
to > 2 Mpc scales. Consequently, we find a CRI energy frac- 
tion that increases with radius, and reaches e p ~ 0.1-1 be- 
hind the viria l shoc k; 1-2 orders of magnitude above the 
iKushnir et al.l (|2009f ) estimate. (The peripheral value of e p 
in the KL10 model is sensitive to the SFR history and CRI 
diffusion). 



6.7 CRI production and evolution 

The two main sources discussed in the literature as possible 
explanations for the origin of CRIs in clusters involve par- 
ticle acceleration in strong shocks, either in supernovae or 
in the virial shock of the cluster. In both cases, the shocks 
are believed to deposit a substantial fraction of the thermal 
energy, typi cally estimated in t he range e p ~ 5%-50% (see 
for example iKeshet et al]|2003h . in a CRI distribution with 
a flat spectrum compatible with equation (|6.5p . 

In order to explain the homogeneous CRI energy den- 
sity inferred above, one needs to account not only for the 
production of the CRIs, but also for their evolution, in par- 
ticular their escape from the cluster and the mechanism dis- 
tributing them homogeneously throughout the ICM. 



6. 7. 1 CRI origin and escape 

Consider first the virial shock. The thermal energy density 
behind (immediately downstream of) the shock is uth — 
4 x 10" 13 n_ 5 Ti erg cm" 3 , where T w = k B T/W keV is the 
downstream temperature of bulk protons and electrons, as- 
sumed to have the same temperature. This value of Uth, 
and the comparable CMB energy density u crn b — 4.2 x 
1CP 13 erg cm~ 3 , are shown in Figs. 1291 and I3U1 as horizon- 
tal lines. The halos and classical relics show lower or similar 
energy densities u p , ranging from u p ~ O.luth in Coma to 
u p ~ u t h in A1300, with a median value ~ OAuth- There- 
fore, the measured CRI energy density is consistent with 
the instantaneous CRI injection rate by the virial shock, for 
acceleration efficiencies in the range e p ~ [0.1, 1]. This is con- 
sistent with typical estimates of e p based on observations of 
SNe in the Galaxy, considering the systematic uncertainties 
in our analysis. 

Next, consider the accumulated CRIs accelerated in the 
virial shock throughout the life of the cluster. Computing 
the resulting energy density requires a model for the shock 
evolution, for energy losses and gains, in particular by adi- 
abatic compression, and for the escape of CRIs from the 



cluster, for example through regions where the virial shock 
is weak or disrupted. Assume that on average, a fraction / esc 
of the accelerated particles escape from the cluster, and the 
remaining CRIs are distributed homogeneously. Assuming, 
in addition, that after these CRIs leave the shock they gain, 
on average, a factor f a d in energy, yields 

(3/2)(M/fxm p )k B T a 



fesc)fad~ 



(4/3)7rii3 



(6.16) 



~ 2 x 10~ 13 (1 - /e S c)/ade p ,o.5Mi 4 T ail i?J 3 erg cm" 3 . 

Here, M = 10 14 Mi4Mq is the mass of the cluster, R = 
2R2 Mpc is the radius of the virial shock, T a = lT a ,i keV 
is the downstream temperature, flux-averaged over the clus- 
ter's evolution, and we defined e p ,o.5 = e p /0.5. 

This estimate is consistent with the median of the ra- 
dio sources observed, for the above parameter choice and 
(1 — fesc)fad.T a ,i — 1/2, but this averaged quantity is poorly 
constrained. For an estimate of the CRI energy distribution 
in the ne gligible diffusion limi t , whe re f esc — and f ai i is 
large, see IKushnir fc Waxmanl ( |200gh . 

Next, consider the contribution of SNe. The accu- 
mulated CRI output of SNe can b e crudely estimated 
(|Volk et al.lll996l ; IKushnir et alj|2009h if we assume that a 
fraction fn of the mass-averaged Z — 0.3Zo.3 solar metal- 
licity of a cluster is seeded by Type II SNe, which on av- 
erage produce O.IMqMfe.o.i of iron and deposit a fraction 
rj p — 0.2rj p fi.2 of the E = 10 51 i?5i erg explosion energy in 
E p > 10 GeV CRIs. If a fraction f eac of these CRIs escape, 
and the rest are homogeneously distributed within the virial 
shock radius, then the CRI energy density due to SNe be- 
comes 

-13 (1 — feBc)fadTlp,0.2fnZo.3ETylMl4 



Mp,SNe 



10" 



erg cm 



(6.17) 

Here, the energy gain factor / oc j may be smaller than for 
virial shock CRIs, because SNe CRIs may lose energy as 
they travel away from their host galaxies and into the ICM. 

The above estimates show that the CRI distribution we 
infer from radio observations could plausibly be explained 
as the accumulated CRI output of either the virial shock or 
SNe shocks (or a combination of both), provided that only a 
small fraction, f e3C < 1/2 of the CRIs escape from the clus- 
ter. If diffusion is negligible, f esc is guaranteed to be small, 
but this requires efficient gas mixing in order to explain the 
homogeneous CRI distribution, as discussed below. Consid- 
ering the uncertainties folded in the above estimates, we are 
unable to determine which of the two CRI sources dominates 
the ICM distribution. 

Note that if CRI acceleration in the virial shock and 
in SNe shocks have similar efficiencies, then one should ex- 
pect r]p ~ e p /3. However, the escape probability is likely to 
be at least as high in the case of virial shock acceleration, 
which injects particles into the rarefied cluster's periphery, 
as it is for SNe CRIs. Therefore, if the CRIs originate mostly 
from the virial shock, then SNe make a non-negligible con- 
tribution to Up, unless the CRIs they produce experience 
substantial energy losses when leaving their host galaxies. 
If, on the other hand, the CRIs originate mostly from SNe, 
then the high CRI energy fraction behind the virial shock 
suggests that these CRIs play a role in the evolution of the 
shock, and their escape from the cluster could be regulated 
by it. 
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The flat spectrum of the CRIs, inferred from relic ob- 
servations in equation (|6,5|l , is consistent with the injection 
spectrum typical of strong shocks. This suggests that for the 
dominant CRI source, the fraction of particles escaping the 
cluster is indeed small, otherwise the energy-dependence of 
the diffusion may lead to spectral steepening, as discussed 
in KL10. 

One could distinguish between the two CRI source mod- 
els by testing for a correlation between u v and the estimated 
CRI output of each model. Both models predict a correla- 
tion between u p and the average density M/R 3 . In addition, 
the SNe model entails a correlation with tracers of the accu- 
mulated SNe activity, such as the total star formation and 
metallicity, whereas the virial shock model implies a correla- 
tion with tracers of the accreted energy, such as the cluster's 
temperature. Preliminary, low significance evidence for cor- 
relations between rjo and the metallicity and the specific star 
formation rate (SFR) were pointed out by KL10. A quanti- 
tative study is needed to test these correlations, in particular 
considering the large dispersion in u p among relic clusters 
not studied by KL10 . 



6. 7. 2 CRI diffusion or gas mixing 

In both models for their origin, The injection of CRIs is 
local, and far from being homogeneous through the ICM. 
Therefore, in both cases, the homogeneous CRI distribution 
inferred from observations implies that some mechanism acts 
to homogeneously distribute the CRIs across the cluster, 
either through CRI diffusion or by gas mixing. 

Otherwise, for virial shock acceleration, adiabatic com- 
pression would lead to a radio-to- X-ray brightness ratio pro- 
file r] oc n~ 1//3 , which we rule out in ^3] For SNe acceleration, 
CRI injection would trace the SNe history of the cluster, 
and in the absence of diffusion, would be further modulated 
by subsequent adiabatic compression. Although the radial 
distribution of SNe in the cluster is not well constrained, 
the resulting CRI distribution would be ce ntrally peaked, in 
resem blance of the distribution of metals ijSanderson et all 
l2009h . which are also believed to be injected by SNe. 

The homogeneous CRI distribution extends from the 
centre of the cluster to distances r > 2 Mpc. This distance 
scale is compara ble to the typical r adius of the virial shock 
(see for example iKeshet et aljliooih . Therefore, diffusion or 
mixing must operate across the entire cluster, faster than the 
timescale for substantial change in the CRI injection rate. 
In the virial shock model, this is the timescale over which 
the shock parameters change appreciably, on the order of 
a few dynamical times. In the SNe model, this timescale is 
comparable to the time that elapsed since the peak in star 
formation, at z ~ 1. In either case, we must require that 
CRIs travel at least across distances ro ~ 2 Mpc over a 
timescale to — 10 Gyr. 

Consider first the case where diffusion plays the domi- 
nant role in distributing the CRIs. Here, maintaining a ho- 
mogeneous distribution of CRIs imposes a lower limit on the 
diffusion coefficient, 

D > r D /t D ~ 10 32 cm 2 s" 1 . (6.18) 

Equation (|6.18|) applies to the CRIs that give rise to syn- 
chrotron emission at frequencies discussed in this work, 



v ~ 1 GHz. Using equation (14.511) and the appro ximate re- 
lation E p ~ 20E e jGinzburg fc Svrovatskvlll96ll '). this cor- 
responds to E p ~ 200(B/1 mG)" 1/2 GeV. The lower limit 
on D in equation (|6.18|) is at least an order of magnitude 
higher t han typically est imated at these energies (see, for 
example IVolk et alj|'l996f ) . 

Such a strong diffusion wold aggravate the need for 
a mechanism quenching particle escape beyond the virial 
shock, as any escaping particles near the shock would be 
rapidly replenished by CRIs diffusing from downstream. The 
ram pressure of the upstream flow could stem the CRI es- 
cape, as long as (i) it exceeds the CRI energy density, i.e. 
e p < 0.9; and (ii) upstream diffusion is not too strong, with 
D < v u R ~ 10 33 i? 2 (?Vl000 km s _1 ) cm 2 s _1 . Notice that 
D ~ 10' 32 ' 33 ] cm 2 s _1 satisfies the necessary requirements 
both upstream and downstream, although it does not need 
to be equal on both sides of the shock. 

Strong gas mixing could, in principle, explain the homo- 
geneous CRI distribution without invoking CRI diffusion, 
thus relaxing the CRI escape problem. Such mixing could 
arise from the erratic gas motions induced by consecutive 
merger events, and from the CRI populations advected by 
the infalling substructure. It is unclear, however, if such mix- 
ing would be sufficiently efficient to homogenise the CRIs 
over > 2 Mpc scales, and if the gas mixing would not be 
ruled out by independent tracers of the gas, such as metal- 
licity. 

A one-dimensi onal treatment of gas mixi ng in the ab- 
sence of diffusion jKushnir fc Waxmanl [20091 ) shows some 
steepening in 77 with respect to the adiabatic 77 oc n -1 ^ 3 
profile (i.e. flattening of the CRI distribution with respect 
to Ni oc n 2,/3 ), but not at a level sufficient to explain the 
observations. Notice that the CRI distribution must be ho- 
mogeneous before the major merger that led to the present 
radio emission by magnetising the plasma. Indeed, similar 
CRI energies are inferred immediately behind merger shocks 
in relics and at the edges of GHs, presumably gauging the 
CRI distribution prior to the most recent, ongoing merger. 

To conclude, strong diffusion or gas mixing are needed 
in order to reconcile the homogeneous CRI distribution with 
the inhomogeneous distributions of the CRI sources. We con- 
sider diffusion to be the more plausible mechanism, because 
(i) gas mixing does not appear to be sufficiently effective 
according to preliminary estimates; (ii) the distribution of 
metals shows a Z(r > 0.02rsoo) oc r~° 3 radial decline, i n 
both cool and non cool core clusters |Sanderson et al]|2009h , 
which would have been eroded by efficient gas mixing; (iii) 
without diffusion, adiabatic compression would imply that 
low frequency, a ~ — 1 obs ervations are already probing the 
Ep ~ GeV energy range (|Kushnir et al.|[2009T ). where one 
expects deviations from a flat CRI spectrum; and (iv) in 
our model, CRI diffusion plays an important (although not 
exclusive) role in producing the steep spectrum of young 
halos. 

6.7.3 Escaping ultra high energy CRIs do not contradict 
local observations; are comparable at ~ 10 18 eV 

The fraction of CRIs escaping from the cluster, and their dis- 
tribution, is unknown. The flat spectrum and large energy 
density we find within the cluster suggest that the escap- 
ing fraction at E p < 100 GeV energies is small. Reconciling 
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significant escape at these energies with the flat spectrum 
observed would imply an energy-independent escape mech- 
anism. 

T he vir ial shock can accelerate CRIs, according to the 

iHillasI (|l984h criterion, up to energies 

E p ~ fieBR (6.19) 

~ 2 x 10 18 u s ,3-R 2 (e B ,-2n-. 5 T 10 ) 1/2 eV , 

where e_e,_2 = es/10" 2 and v s ^ = u s /10 3 km s _1 . In 
SNe, the same criterion yields lower CRI energies, E p ~ 
10 15 t; s ,3 eV for R = 10 pc and e B nk B T = 10 eV cm" 3 . Note 
that here we use e B ~ 1%, smaller than we infer downstream 
of weak shocks, because it is the magnetic field near and up- 
stream of the shock front that limits the acceleration of the 
particles. 

In the SNe model, it is unclear if any of the CRIs 
appreciably escape from the cluster. In contrast, in the 
virial shock model, the highest energy CRIs must be able 
to escape. For an s p — —2.2 spectrum, equation (|6.26|) 
below yields a cosmic CRI background of du p /d\nE p ~ 
3 x 10~ 19 ^ p ,o. 2 Tco S ,o.3 erg cm -3 at E p = 10 18 eV, where 
Tcos = 0.3T cos ,o.3 keV is the mas s-averaged tempera ture of 
baryons in the Universe (e.g., iKeshet et al.l 120031 ). This 
is similar to the observed CRI distribution at the top of 
Earth's atmosphere in the same energies, du p /d \n(E p ) ~ 
3.5 x 10~ 19 erg cm " 3 (jNagano fc Watsonl l200Cl ). Indeed, 
iMurase et al.l (|2008l ) have proposed that the observed CRIs 
between the second knee and the ankle, i.e. in the energy 

[17 ^ 18 ^1 

range arise from the virial shocks of galaxy 

clusters. While our estimate is too crude to support such a 
claim, it indicates that our model is consistent with ultra 
high energy cosmic-ray observations. 

6.8 CRI energy density in different clusters, and 
the P v —Lx correlation 

The dispersion in u p among the different radio sources shown 
in Figs. [29] and [30] is somewhat larger than the measurement 
uncertainties. This suggests an inherent dispersion among 
the host clusters, either in u p or in the underlying approxi- 
mations, in particular A n ~ \ nB - 

We have searched for correlations between u p and the 
bulk properties of the host cluster, including the clus- 
ter's total mass M, gas mass M g , temperature T, central 
density np and centr al column density A nj o (all based on 
iFukazawa et al.l 120041 '). We have also examined a possible 
evolution with redshift. However, due to the small size of 
the sample, the similar bulk properties of the host clusters, 
and the large uncertainty in u p , we are unable to show any 
statistically significant correlation or evolution. 

Indirect estimates of the dependence of u p upon cluster 
parameters may be inferred from the reported correlations 
between the bulk properties of GHs and their host clusters. 

Consider first the radio power P v expected according 
to our homogeneous CRI model, in a flat-spectrum GH ap- 
proximated as spherical. The result depends on the strength 
of the magnetic field with respect to B cm i,. The radio power 
of the strongly magnetised part of the cluster is 

Pi/,strcmg OC J UUp dV OC UpM g ,B , (6.20) 

where M g , B is the mass of the highly magnetised gas, and 



the integration is performed over volume out to the magnetic 
break radius R B . The radio power of the weakly magnetised 
part of the cluster is 

P«/,weak oc J nu p dV oc u p (L x — L X , B ) , (6-21) 

where we adopted the u B oc Uth scaling of H6.2I defined 
Lx,b as the X-ray luminosity of the highly magnetised 
gas, and the integration here is performed beyond R B . We 
shall henceforth consider strongly magnetised halos, where 
R B > r c , and P v and Lx are dominated by the strongly 
magnetised gas. 

These predicted scalings can be compared to the re- 
ported GH correlations, 

P,,obs oc Ri /2±0 - 7 , (6.22) 

wher e R v is the size of the radio bright region |Cassano et al.l 
120071 ). and 

P,,obs oc L x ' 7 ' 2 ' 2 ^ (6.23) 

jBrunetti et all 120071 ; iKushnir et~ai1 120091 ; iBrunetti et~al] 
I2009T ). 

It may appear, for example if one assumes that M g . B oc 
_R 3 , that these observations imply that u p varies with cluster 
parameters, being larger in more massive, hotter, and X-ray 
brighter clusters (see for example IKushnir et al.ll2009l ). 

However, it is important to take into account the scaling 
of R v with cluster parameters, as emphasised by KL10. In 
our model, R v ~ R B is the radius where the magnetic field 
declines below B cm b, marking the transition from strong 
to weak fields, and most of the radio emission is produced 
within R B . 

For simplicity, assume that the magnetic energy den- 
sity in GHs is a universal, fixed fraction of the thermal 
energy density, such that B 2 oc nT with a constant coef- 
ficient. This is plausible, for example, if the magnetic fields 
are saturated at e B ~ 0.1, as suggested in i]6.2l In order 
to obtain power-law scalings which can be compared with 
equations (|6.22[) and (|6.23[) . we must approximate the fi- 
model as a power-law. Assume, therefore, that most of the 
radio emission arises in a region where the density may be 
approximated as an isothermal sphere, n oc nor" 2 . 

Under these assumptions, R u = R B oc (noT) 1 / 2 , and 
equation (|6.20|) yields 

P u /u p oc n Rl <xR 5 jT<x R 4 V A , (6.24) 

where in the last pro portionality we used t he best fit scaling 
relations R v oc R 2 , f r |Cassano et all 120071 ') and R vir oc T ' 6 
(| Zhang et alj|2008l ). with R v i r being the virial radius. 

For the assumed density distribution, we may approxi- 
mate Lx oc rt 2 ,, implying that 

P„/u p oc no /2 T 3/2 oc L 2 X , (6.25) 

where in the last proport ionality we used the relation 
Lx oc T 2 |Markevitcblll998l ). The scalings derived in equa- 
tions (|6.24[) and (|6.25[) for this simplified model agree sur- 
prisingly well with the observed relations in equations l|6.22|) 
and (|6.23[) . considering the inaccurate approximation. 

While the arguments leading to these scalings are crude, 
they serve to show that the correlations observed in the 
bulk halo properties do not necessarily imply that u p varies 
among clusters. 
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This is not to suggest that the homogeneous CRI distri- 
bution in clusters is part of a cosmic CRI background with 
a well defined energy density Up cos ■ In addition to the large 
dispersion found in the values of u p among different clusters, 
these values are much too high to characterise a cosmolog- 
ical background. To see this, assume that every baryon in 
the Universe deposits a fraction e p of its thermal energy in 
CRIs. The resulting CRI background would then have an 
average energy density 



3 ( Q.bp c 



p 2 \pm p 



6 x 10 e p ,o.2rcos,o.3 erg cm 



(6.26) 



lower by ~ 3 orders of magnitude than inferred in clusters. 
Here, QbPc — 2 x 10~ 7 m p cm~ 3 is the average baryon mass 
density in the Universe, and T cos = 0.3r c0 s,o.3 keV is its 
mass-averaged temperature (e.g., iKeshet et alj 20031 ) . 

Notice that if u p does in fact increase with the cluster's 
size, then the CRIs are more likely to be dominated by the 
virial shock, rather than by SNe. Indeed, the CRI output of 
the virial shock is thought to be proportional to the cluster's 
temperature, T ~ M 2 ^ 3 . In contrast, in the SNe model, 
the CRI distribution should correlate with the specific SFR, 
which is n ot thought to increase with M (see for example 
lGotdl2005l ). 



6.9 Additional hadronic signals 

For a homogeneous distribution of CRIs, pion-production is 
proportional to the local density. Integrated signals propor- 
tional to pion production, such as the 7-ray emission from 
7T° decay, are therefore proportional to the gas mass of the 
cluster. This is different from the synchrotron signal, which 
is proportional to the strongly magnetised gas mass, and 
therefore is a transient and typically centrally-peaked phe- 
nomenon. 

The clusters which are optimal targets for detection of 
the 7T° signal are the most gas-rich clusters, or more gen- 
erally, sources with maximal gas mass enclosed within the 
point spread function of the detector. 

Assuming that the energy a CRP deposits in neutral 
pions is ~ 3 times larger than the energy transferred to 
secondary CREs, the subsequent 7r° decay would lead to a 
7-ray emissivity 



3vji ayn) (B^>B cmb ) 



3 x 10" 32 n_ 2 



10- 



erg s _1 



erg s cm 



(6.27) 

-3 



and an integrated luminosity 



M 
m „ 



(6.28) 



4 x 10 



41 



k 



10 -30 erg s" 



M„ 



10 14 M Q 



erg s 



where k here pertains to its strongly magnetised ICM value. 

In addition to the different scaling (with M g rather than 
with Lx), this 7-ray signal is slightly stronger than antic- 
ipated in models that assume N v ~ n (such that vVC ~ 
3vLt vn ~ 3xl0 41 i_^ 7 erg s' MKushnir et alj2009h . because 
the peripheral regions also contribute. 



Nevertheless, detecting the weak signal of equa- 
tion (|6.28[) would be challenging even in the most mas- 
sive clusters, using existing and planned 7-ray telescopes. 
A more promising 7-ray signal from clusters is the inverse- 
Compt on emission from primary electrons near the viria l 
shock |Loeb fc Waxmanl |2000] ; iTotani fc Kitavamal 120001 ) . 
which should be detectable in sever al clusters using the 5- 
year Fermi data jKeshet et al.|[2003h . 

The inverse-Compton signal produced as secondary 
CREs scatter off the CMB is complementary to the syn- 
chrotron emission, in the sense that it is proportional to the 
mass of the weakly magnetised gas. Assuming slow changes 
in magnetic fields and in CRE injection, the expected sur- 
face brightness is 



IP"' 8 - 9 ' 9 - 51 f ndl _! _ 2 _! 

vI » (f)~ moo 5 / 7-To ergs cm ster 



10 22 cm- 



1 + b 2 



(6.29) 



erg s 



(6.30) 



and the luminosity is 

r(ic) ^ 10 [40.9,41.81 r pd y 

10 14 M o J 1 + b' 2 

where p — m p n is the mass density. 

This signal is too weak to account for the hard X-ray 
emission observed from some clusters, which is more likely 
to arise from primary CRE acc eleration at the virial shock; 
see iKushnir fc Waxmanl (|2010h . 



6.10 Upper limit on particle acceleration in 
turbulence and in weak shocks 

Primary acceleration or reacceleration (for short: accelera- 
tion) of electrons in turbulence and in weak shocks have 
been proposed as possible explanations for the injection of 
CREs in radio relics and halos. These primary processes are 
not well understood, and various ad hoc prescriptions were 
adopted in computations and simulations reported in the 
literature. In £|6 .3 1 we reviewed various evidence indicating 
that primary CRE acceleration cannot play an important 
role in the diffuse radio emission from the ICM. More im- 
portantly, as direct and indirect evidence implies that the 
magnetic field is strong in halos and in relics, the faint radio 
emission observed imposes restrictive limits on the efficiency 
of primary particle acceleration in these environments. 

Consider first the case of relics. The regions near the 
outer edge of a relic, showing the brightest emission with the 
flattest spectrum, are interpreted as the near downstream 
of a shock, where accelerated particles had little time to 
cool. Arguably, these regions are strongly magnetised, as 
confirmed independently for example in A3667. We may use 
the brightness of these regions to compute the efficiency of 
relativistic electron injection. 

As discussed in fj2] the spectrum at the edges of relics is 
almost precisely a = — 1 in all cases where good data is avail- 
able, corresponding to a CRE spectrum s e ~ —3. Although 
this is a peculiar injection spectrum in a DSA model, it is 
exactly the spectrum expected in our secondary CRE model, 
reflecting the upstream steady state of secondary CREs in- 
jected with a flat, s e ~ —2 spectrum and subsequently cool- 
ing. 

We may therefore infer the necessary CRE energy den- 
sity in a primary model, directly from our results for the 
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secondary model, provided that we retain the (logarithmic) 
electron distribution function / instead of replacing it by its 
steady state value / = Q/(Eip) in equation (16.71) . 

Assuming that the emission is dominated by secondary 
CREs, the efficiency of any primary acceleration is bound 
by the energy fraction 



2(l±£r 2 )fcA e 
"~ {3/2)fi- 1 nk B T ~ iP(3/2) f j,- 1 k B T 



EfAe 



(6.31) 



2 x 10" 



l Ae 



B 



1 /iG 



Here, A e = u e / f = lA e ,i relates the total CRE energy den- 
sity to its logarithmic contribution at the energy given by 
u s {E) ~ v, where u is the frequency at which k is mea- 
sured. For a flat spectrum, A is large {e.g., A e ~ 16 for 
E e ,max — 10 4 GeV) , but for the s e ~ —3 spectrum of pri- 
mary acceleration, A e — 1. 

Projection and other systematic effects may have caused 
us to underestimate the values of k in Fig. [30] In addition, 
the figure shows the values of k* = k/(l + b 2 ) in relics, 
were the division by 1Zr g — (1 ± b' 2 d ) ~ 2 is justified in our 
model, but not for primary CRE acceleration. Therefore, we 
consider k ~ a few x 10 -29 erg s _1 as an upper limit to the 
kinematic emissivity in relics, implying that 



< KT 3 (B/1 ^G)~ 



(6.32) 



We infer strong, B > B cm b > 3 /iG magnetic fields in 
relics. Such a strong field was independently inferred in the 
Northwes t relic in A3667, both from the Faraday rotation 
measure Jjohnston-Hollittll2004l) and from a n upper limit on 
Compton emission (jFinoguenov et alJlioiol ). Therefore, the 
above constraints imply a negligible primary acceleration 
efficiency, at the level of e e < 10~ 4 . 

This constraint is much more restrictive than present, 
e e < 10% limits on particle acceleration, inferred for ex- 
ample from the j ump conditions across resolved shocks 
(jNakar et al]|200Sl ). We find similar or stronger constraints 
for weak shocks at the edges of halos, which show similar k 
but stronger magnetic fields, for example in A665. 

Next, consider particle acceleration in turbulence. Here 
we may directly use equation ()6.7[1 . with Q being the in- 
jection rate of primary, rather than secondary, CREs. This 
yields an upper limit to primary injection, 



< 2(1 + b~ 2 )nk = 2(1 + b~ 2 )vj u 



(6.33) 



In the centres of GHs, this corresponds to Q < 
10~ 31 erg s _1 cm~ 3 . Averaged over a GH, assumed to 
be strongly magneti sed, we may u se th e average emis- 
sivities reported by iMurgia et all (|200Sj) to find Q < 
10 -33 erg s _1 cm -3 . These estimates are much lower than 
the injection rate typically invoked in primary models, usu- 
ally estimated assuming weak fields. 



6.11 Model assumptions and uncertainties 

The assumptions made in our analysis include: 

(i) Most of our relic analysis approximates the gas dis- 
tribution within clusters using is othermal /3 models, de rived 
mainly from ASCA X-ray data ()Fukazawa et alJl20o3 ). At 
relics or other weak shocks, we assume that the /3 model 



pertains to the upstream, as in some cases we find the X- 
ray brightness near relics to be elevated with respect to its 
/3-model estimate (see fj3}. We assume that a good approxi- 
mation for the confidence interval of any ft model estimate 
is obtained by adopting the largest propagated uncertainty 
of any one of the three parameters of the /3 model (see £13 . 1 j) . 

(ii) We assume that the bulk plasma can be approximated 
as thermal, with equal electron and proton temperatures. 
A constant adiabatic index F = 5/3 is assumed. Metallic- 
ity is ap proximated as homoge neous within each cluster, as 
given bv lFukazawa et aD ((20041 ). Ionisation is approximated 
as homogeneous and constant, with an average particle mass 
jim p ~ 0.6m p . 

(iii) Elongated relics are assumed to be magnetisation 
fronts or weak shocks of Mach numbers around Ml ~ 2. 
This is based on observational evidence for a strong mag- 
netic field or an enhanced X-ray emission in some relics. 

(iv) The synchrotron signals are computed, for the most 
part, using the ~ 10% accuracy approximation for the syn- 
chrotron function in equation (|4.54[) . 

(v) For inelastic collisions between the CRIs and the gas, 
only the pion decay channels of individual protons are con- 
sidered. The assumptions underlying the co mputations of 
CRE production from a CRP are reviewed in lKamae et al.l 
(|2006D . 

(vi) A flat, concordance ACDM model is adopted, with 
dark matter fraction Qm = 0.26, baryon fraction Qt, = 0.04, 
and a Hubble constant H — 70 km s _1 Mpc" 1 . 

Our estimate of CRI homogeneity is based on a com- 
bination of two independent analyses, of the morphologies 
of two well studied GHs (a = 0.2 ±0.1), and on the peak 
brightness of relics and halos (a = —0.3 ±0.2). The morpho- 
logical estimate is based on direct radio and X-ray data, out 
to r ~ 500 kpc radii. The relic-based estimate is based on 
/3-model extrapolations of the X-ray data, so we cannot rule 
out small deviations from homogeneity at large radii. The k 
values we infer from relics are uncertain, both because of the 
/3-model uncertainties, and due to the 1Z correction. Thus, 
the k values we infer in relics are somewhat degenerate with 
the e_e and M values we assume or fit. Note that a CRI dis- 
tribution that declines with r would require stronger shocks 
or stronger magnetisation than we used. There is not much 
freedom in the choice of these parameters, as the shocks are 
known to be weak and the magnetisation we find is already 
strong. Conversely, the estimated e_e ~ 0.1 that gives the 
best fit to the relic data (for M ~ 2) is uncertain, as it is 
based on the /3-models at large radii. 

We estimate u p using the centres of GHs, in order to re- 
duce the uncertainties due to the /3-model, projection, weak 
or irregular magnetisation, etc. Similarly, we estimate s p us- 
ing the spectrum of relics, rather than GHs, in order to re- 
duce the uncertainties due to magnetic evolution, CRI diffu- 
sion, deviations from a power law spectrum at low, E p ~GeV 
energies, and the low energy saturation of the inclusive cross 
section for CRE production. Nevertheless, u p could be inac- 
curate if the gas or the magnetic field are clumpy. Here, the 
/3-model may overestimate the column density A n , and A n 
may underestimate the magnetised column density A„_b • An 
error in our estimate of s p could arise if the CRP spectrum 
is not homogeneous. 
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6.11.1 Projection effects 

For extended sources such as GHs, one must integrate the 
emission along the line of sight, well outside the plane of 
the cluster (defined as the plane perpendicular to the line 
of sight). This is the motivation for analysing rj(f), in |3j 
with respect to the local projected density n(f), defined as 
the density in the plane of the cluster, as explained in £13.31 
Equivalently, this is why I v (r) scales with the column den- 
sity \ n (f) (for homogeneous CRIs), rather then with n(f). 

The elongated morphologies and high polarisation lev- 
els of classical relics suggest an extended shock front ob- 
served edge-on, propagating nearly perpendicular to the line 
of sight. This motivates an integration along the line of sight 
in relics, too, as implicitly assumed in [J3l where we show that 
the 77(f) values of relics scale nearly as n(r) -1 . This is ex- 
plicit in Sj5] where we estimate I v (f) as being nearly linearly 
proportional to X n (r), in both halos and relics. In practice, 
the line of sight integration may lead to overestimated values 
of the parameters n, X n and Fx , that are actually associated 
with the relic emission. One should account for the finite size 
of the shock front, its oblique angle with respect to the line 
of sight, and its distance out of the cluster's plane. 

Accounting for these projection effects would lead to 
smaller n, A„, and in particular Fx values coincident with 
the relic. Consequently, the relic data points shown in the 
rj-n phase space in Figs. 1121 1251 and 1261 and in the k-X 
phase space in Figs. and 1301 would move upwards and 
towards the left. Our model would then require somewhat 
higher values of the relic shock parameters A4 and es, in 
order to explain the observations. 

Nevertheless, the agreement between the present model 
— uncorrected for projection — with observations, the rea- 
sonable values of M and e_e obtained above, and the mor- 
phology and polarisation of relics, suggest that these projec- 
tion effects are not substantial. Furthermore, our choice of 
identifying each source with the position showing the high- 
est radio surface brightness, presumably selects for optimal 
projection conditions, and reduces the impact of these spu- 
rious effects. 

If classical relics do indeed correspond to shocks ob- 
served nearly edge-on, then diffuse radio emission from clus- 
ters is far more complicated than it presently appears. As 
the brightness of an observed relic is similar and often higher 
than in its halo counterpart, we should assume that halo 
observations are often contaminated by unidentified emis- 
sion from projected relics, leading to spurious brightening 
and spectral steepening. A careful analysis of the observa- 
tions carried out by next generation radio telescopes, such 
as MWA, LOFAR, and SKA, may be able to disentangle 
the different sources of radio emission and provide strong 
constraints on the cluster's dynamics. 

7 SUMMARY 

Present models for the diffuse radio emission from galaxy 
clusters, attributing relics to primary CREs, and halos to 
primary or to steady-state secondary CREs, are challenged 
and in some cases inconsistent with observations. These 
challenges include (see ij2|: (i) the multiple connections be- 
tween halos and relics, such as radio bridges sometimes ob- 
served to connect a halo and a relic; (ii) the remarkably 



similar radio spectra a ~ — 1 at the edges of all well studied 
relics, and the selective appearance of downstream steepen- 
ing; and (Hi) the steep spectrum of a small, < 20% fraction 
of GHs. Primary halo models face several additional chal- 
lenges, such as explaining the shocks found at the edges of 
several halos; see H6.3l and KL10. 

We extract radio and X-ray data from the literature, 
for all the known relic clusters (see fj3]), supplemented by a 
sample of non-relic clusters harbouring GHs or MHs studied 
in KL10. We study the morphological, spectral and energetic 
properties of the radio sources, and analyse them using the 
properties of the thermal plasma, inferred from X-ray data 
or from X-ray based /3-models for the gas distribution. The 
assumptions we make are summarised in £|6- 111 

Taking into account the effects of irregular and time- 
dependent magnetic fields (see we find that diffuse ra- 
dio emission from the ICM, in its different forms, can be 
explained by a simple model (see fJ5J), as synchrotron emis- 
sion from secondary CREs produced from a CRI distribution 
which is spectrally flat and is homogeneous on cluster scales 
(see [JS]), radiating in strong, and in some cases evolving, 
magnetic fields. 

The main attributes of our model are: 

(i) CRIs are homogeneously distributed within each clus- 
ter, at least out to the ~ 2 Mpc scales where relics are ob- 
served. Parameterising the CRI distribution as an Ni tx n a 
scaling with the local gas density n, we infer a — +0.2 ±0.1 
from the morphologies of the central, r < 2r c regions of two 
well studied GHs (see equation (|3.22p ). and a — —0.3 ± 0.2 
from a sample of halo and relic peaks (see equations (|5.5|) 
and (|5.9|) ). These estimates are consistent with a homoge- 
neous, a = distribution of CRIs, considering the system- 
atic uncertainties. 

(ii) The logarithmic energy density of the CRIs is 

j / rp \ -0.20±0.05 

(see equations ([63]), ([S3]), IpTO]) . and ([6714)1 ). The CRI 

energy density, u p [ 1010 7] ~ ^g-[ 1 2.4,i3.3] gr g cm -3^ j g a 

small fraction, e p ~ 10 -3 of the thermal energy density in 
the centres of cluste rs, in agreement with previous studies 
l|Kushnir et al.l [20091 . KL10), but constitutes a fair fraction 
of the thermal energy at the cluster's periphery, 1-2 orders 
of magnitude higher than previously thought. 

(iii) Inelastic p-p collisions of these CRIs with the ambi- 
ent plasma lead to the injection of CREs at a logarithmic 
rate 

/ j-1 \ -0.06±0.02 

Q^IO-' 31 ' 32 '^^) ergs" 1 cm" 3 . (7.2) 

(iv) In strongly magnetised, B > B cm t, regions in the 
ICM, these CREs emit most of their energy as synchrotron 
radiation, giving rise to the diffusive radio signals observed. 
The synchrotron emissivity j„ is proportional to the gas den- 
sity n, so the surface brightness /„ is proportional to the col- 
umn density As of magnetised gas, and the luminosity L v is 
proportional to the magnetised mass. Strongly magnetised 
regions arising from merger-induced turbulence or sloshing 
motions thus lead to GHs and MHs, respectively. 

(v) More precisely, in regions where the magnetic field 
configuration and the injection rate of CREs evolve on time 
scales longer than the cooling time t coo i of the CREs (see 
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equation (14.11) ). the CRIs reach a steady state distribution 



f(E) = E N e ~ -2- oc 



Eip E(B 2 + B'l 



The resulting radio signal follows 



vj v ~ 10 



-[31.3,32.2] 



g2+j? 2 erg s cm 



(7.3) 



(7.4) 



f/„(r) 



10 



[-0.1,0.5] 



B 2 ndl 



2 / 



GHz /ijy arcsec 



and 



10 



[40.9,41.1 



10 14 M P 



/ 



P 2 



B 2 +B 2 



-pdU erg s 



(7.5) 



(7.6) 



(vi) In regions where magnetic fields or CRE injection 
evolve faster than t coo i (see equation (|4.1[) for the relevant 
frequency range), the CRE distribution continuously evolves 
towards the steady state given by equation (|7.3|) , At higher 
energies, / adjusts faster to the evolution. Consequently, 
in regions where the magnetic field recently grew stronger 
(weaker), the radio signal is initially amplified (suppressed), 
followed by a gradual decline (increase) in brightness accom- 
panied by spectral steepening (flattening). As the brightness 
reaches a steady state, the flat steady state spectrum a ~ — 1 
is recovered. (These effects are analysed in 33) One may 
therefore use radio spectral maps to reconstruct the recent 
magnetic evolution. 

(vii) In particular, a weak shock initially (i.e. in the 
near downstream) amplifies the radio brightness by a fac- 
tor r_g 2_ ' 9/ ' 2 'r cr e — (Aibd/b u ) 2 , while the spectrum remains 
initially flat, a = — 1. This is precisely the signature of relics, 
unexplained by previous models. 

Farther downstream, assuming no additional temporal 
evolution in B and Q, the kinematic (per unit density) radio 
emissivity k declines by a factor 1Z ~ ?g (1 + &<})/(l + b 2 l ), 
which is typically larger than unity. Here, the downstream 
decline in k is accompanied first by spectral steepening, and 
later by flattening back to ot ~ — 1, as inferred inward of 
some relics. 

In the downstream, k is elevated with respect to the un- 
shocked ICM, leading to the observation of relic tails, halo- 
relic bridges, or halo protrusions, depending on the column 
density, the detection threshold, and the value of 1Z (see fj5]). 

(viii) The turbulence induced by a recent merger event, 
recognised for example by the presence of merger shock relics 
near the centre of the cluster, can gradually magnetise the 
ICM, appreciably raising the magnetic field over timescales 
< t coo i. The resulting radio halo would show spectral steep- 
ening in regions where the recent fractional growth in mag- 
netic energy is large, or where the field is irregular, most 
notably at the edges of the halo where B ~ B cm b- This ex- 
plains the steep spectrum of a subset of halos. In particular, 
we show that these are the halos associated with nearby, 
r < 1 Mpc relics (see Fig. [28)) . 

(ix) Such recent magnetic growth also provides an alter- 
native explanation for the radial spectral steepening ob- 
served in the edges of flat spectrum halos that harbour more 
distant relics, interpreted in KL10 as evidence for a steep 
CRP spectrum. 

Additional conclusions and implications of our model: 



(i) The values of 1Z needed to reconcile halos and relics 
imply that a fraction e_e ~ 0.1 of the thermal energy density 
u t h is deposited in magnetic fields (see H6.2|) . For example, 
assuming that all relics are M — 2 shocks would imply that 
en = 0.041q'q2; higher (lower) magnetic fractions are needed 
if the shocks are weaker (stronger). 

(ii) Studying the radio maps of the well-studies clusters 
A665, A2163, and A2744, we identify an I u oc A n ~ F% 3 
scaling at small radii, and a transition to I v oc Fx at 
large radii. We show how this behaviour is often masked 
by substructure, asymmetry, weak fields, contaminations, 
and shocks, in particular if one uses azimuthal averaging 
or bins the data onto a grid (see £|3.4.8f) . The morphology 
is explained by a B 2 oc n magnetic scaling, in which es 
is uniform in the plasma (see H6.2p . At large radii, where 
B declines below B cm h, this scaling leads to the I u oc Fx 
profile; here, studies assuming primary CRIs infer the same 
magnetic behaviour. 

(iii) We use the morphological break observed in A665 
and A2163 to infer a central magnetic field Bo ~ 30 /iG, 
corresponding to a homogeneous es ~ 0.1 (see H3.4.3p . These 
results suggest that both halos and relics reach magnetic 
saturation at es ~ 0.1 levels (accurate to within a factor of 
2 or so; see H6.2|) . 

(iv) Assuming that es and u v are universal constants, we 
crudely derive the scalings P„ ~ L 2 X and P v oc -R 4 .' 4 , which 
are in good agreement with the observed correlations (see 



(v) The strong magnetic fields we infer in halos and be- 
hind relics imply that particle acceleration in weak shocks 
and in turbulence is very inefficient (see £|6.10|) . Using relics, 
we find that the M < 2 shocks involved cannot deposit 
more than a small, e e < 10 -4 fraction of the downstream 
thermal energy in relativistic, > 10 GeV electrons. Using 
halos, we find that the ICM turbulence cannot significantly 
inject primary CREs, with an upper limit for E e > 10 GeV 
CREs of Q < 10~ 31 erg s _1 cm~ 3 in the centres of GHs, 
an d Q 10 -33 erg s _1 cm -3 averaged over the GH. 

(vi) The homogeneous CRI distribution inferred from ob- 
servations implies that CRI diffusion, or some other mixing 
mechanism, must be strong (see ^6.7|) . Along with additional 
evidence supporting strong diffusion, this imposes a lower 
limit D > 10 32 cm 2 s" 1 on the ~ 100 GeV CRI diffusion 
coefficient. 

(vii) The observed CRI distribution could be generated 
by SNe, by the virial shock of the cluster, or by a combina- 
tion of both, provided that the fraction of E v < 100 GeV 
CRIs escaping the cluster is small, < 50% (see SJ6TTJ) . 

(viii) The CRI energy density integrated ovsr Ep is tip — 
ig-[i2.4,i3.3] erg cm -3 j n tne outskirts of the cluster, u p 
reaches a few 10% of the thermal energy density downstream 
of the virial shock. Here, CRIs could play an important role 
and may modify the shock properties; CRIs escaping beyond 
the virial shock could magnetise the inflow. 

(ix) Weak shocks amplify a maximally flat distribution 
of relativistic particles by a factor ^ M 2 , regardless of the 
details of the diffusion mechanism or the equation of state 
(see £|4.2[l . This corresponds to a decrease in the fractional 
energy of the relativistic particles, by a factor between 1 and 
5/4 (for T = 5/3). 

(x) CRE diffusion across an irregular magnetic field can 
lead to significant spectral steepening, because a locally 
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strong field leads to enhanced brightness and excessive cool- 
ing (see £|4.6[) . Magnetic oscillations about a constant or a 
slowly changing average lead to a mild, —0.1 < Aa < 
spectral steepening, which arises because brighter emission 
is correlated with recent magnetic growth and therefore with 
spectral steepening. 

(xi) Hadronic signals such as 7-ray emission from neutral 
pion decay, or the sum of synchrotron and inverse Compton 
emission from the secondary CRIs, scale with the projected 
gas mass; specific predictions are given in H6.9I 
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Future high resolution data and a more detailed anal- 
ysis would allow us to better test the model, calibrate its 
parameters, and utilise it in the study of clusters: 

(i) Detailed brightness and spectral maps could be used to 
test the time-dependent model, and to gauge the recent mag- 
netic evolution throughout the cluster. In particular, spec- 
tral maps in multiple frequencies, or maps of the spectral 
curvature, would strongly constrain the evolution. 

(ii) The strong magnetic fields we find in halos, relics, and 
halo-relic bridges, could be tested with Faraday rotation 
measures (see KL10 for a possible preliminary indication for 
GH magnetisation). 

(iii) X-ray observations at large distances from the clus- 
ter's centre could be used to confirm the relic-weak shock 
association, and determine M. With a measured Fx, our 
relic model would be left with a single free parameter, bd 
(assuming that b u <C 1). 

(iv) Deviations from the homogeneous, flat spectrum CRI 
distribution could be constrained by better modeling relics, 
which probe the cluster's periphery. If found, they could 
identify the CRI sources, and would provide a measure of 
the CRI diffusion, instead of the present lower limit on D. 

(v) Better data could be used to identify a redshift evo- 
lution of Up, and its correlations with various properties of 
the cluster; we failed to detect a significant signal with the 
present uncertainties (see £I6.8[) . 

(vi) Correlations between u p and SNe tracers, such as 
metallicity and star formation, could be used to identify the 
contribution of SNe to the cluster's CRI population. Prelim- 
inary, low significance evidence for correlations between r/o 
and the metallicity and the specific SFR were pointed out 
by KL10. 

(vii) Correlations between u p and tracers of the CRI out- 
put of the virial shock, such as its downstream temperature, 
could be used to identify the contribution of the virial shock 
to the cluster's CRI population. 

(viii) The weak signal arising from primary CREs ac- 
celerated by the v irial sho ck could be identified in radio 
jKeshet et alj|2004), X-ra y jKushnir fe Waxmarj|201oh . and 
7-ray ( Keshet et al.ll2003h observations, directly or through 
a correlation with cluster tracers. This would constrain the 
magnetisation and CRI output of the virial shock. 

(ix) We have neglected projection effects, effectively ap- 
proximating for example relics as infinite, planar shock- 
fronts parallel to the line of sight. A more realistic, three- 
dimensional model would better constrain the model and 
the dynamical state of the cluster (see H6.11H . 
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Table 5. Definition of main parameters used in the paper. 
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APPENDIX A: ARBITRARY TRANSIENT MAGNETIC EVOLUTION 

Consider magnetic evolution similar to that in equation (|4.42|l . but with arbitrary transient behaviour ip e (t), 

{ipi if t ^ to ; 

ip e (t) if to <t ^to + At ; 

tp 2 = TLipi if t + At < t . 

Plugging this into equation (I4.24|l and assuming steady, power-law injection Q = QoE q , yields the CRE distribution 
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Q rpq — 1 
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(where to < U < to + At) are all small, 0[At/(t — to)] corrections at late times. 



APPENDIX B: POWER-LAW COOLING EVOLUTION 

Consider magnetic evolution that gives rise to a power-law temporal behaviour of the cooling parameter, 

C in if t < ti ; 

i>{t) = i Vi(V*i) /3 ifti<t<t 2 ; 
[V>2 s ^i(t 2 /ti)' 3 ift 2 <t, 



(Bl) 



where ti, t 2 (t 2 > ti), ?/>i ,i/; 2 , and /3 ^ —1 are constants. For simplicity, consider steady CRE injection with a flat spectrum, 
Q(E, t) = constant. 

At early times t < ti and very late times t 3> t 2 , the solution asymptotes to / — > /i j2 = Q/(Eipi,2), with a spectral index 
(/> = — 1. At intermediate times 
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f(ti <t<t 2 ,E) = Qtx 

where we defined a characteristic CRE cooling energy 

El{t) -^t-^iti ' 

above which memory of the t <ti distribution is lost. The energy power-law index of / is, accordingly, 
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(B2) 



(B3) 



(B4) 



For P > (j3 < 0), the low energy distribution gradually softens (hardens) until reaching Ei, above which the distribution 
hardens (softens) back. At E = Ex, we find / = Q(t — U) and a spectral index <f> = — [(t/ti) 1+l3 — 1]/[(1 +/3)(t/ti — 1)], which 
corresponds to a very steep (flat) spectrum for t 3> ti if /3 > (/3 < 0). Note that this problem has a characteristic timescale 
At = t 2 — ti , so the spectrum is not self similar. 
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At late times 



[E- 1 +/3E 1 (t 2 )- 1 -t^ 2 -i>i)] tfE^E 2 ; 
/(* > t2, E) = J Q |t - t a [l - (1 + P) (l + ^ - &)] 1/<i+ ' 8) l if £ 2 < E «S £3 



(B5) 



if S3 ^ £ , 



where £ 2 (*) = [Si(t 2 ) _1 + S 3 (t) -1 ] and E 3 (t) = [tp 2 (t - t 2 )]~ 1 are cooling energies in different regimes. 



APPENDIX C: SYNCHROTRON SIGNATURE OF A JUMP IN CRE INJECTION OR MAGNETIC 
FIELD STRENGTH 

Consider power-law CRE injection with an arbitrary index q, and an instantaneous jump in Q and ip as in equation (|4.65|l at 
to- Then, using equation (|4,54|l to approximate F ayn , we obtain at t > to 
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where 



A 



_ 27e ^3r(l+c g ) 
327rc 2 +C5, (l-g) 



is a dimensionless coefficient, c q = ci — g/2, and £ is defined in equation (|4.7f | . Here we defined 
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where 9 / p is a generalised hypergeometric function, and 

H(ai,a 2 ; 61, 62) ; 

is a regularised generalised hypergeometric function. 
The radio spectrum is then given by 
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APPENDIX D: FINITE SPECTRAL RANGE AND FINITE BEAM 

The spectrum is often measured by comparing observation performed at substantially different frequencies. In such cases, the 
spectral features are in general smeared, and one should consider the two-frequency spectral measure 
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V1 ln(l/ 2 /fi) \n(v 2 /vi) 
For flat injection, 
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a "W = -l + i^yJn< - . - -f^— _ '„;^ , CD2) 
where Ci,a(*) s f(t, 1^1, 2 ). 

Similarly, the size of the beam is often comparable to the CRE cooling length, so the signal must be convolved with the 
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beam shape. For a top-hat beam of full width corresponding to a distance range 2A, the integration of equation (|4.70[) can 
be carried out analytically. In the flat injection limit, this yields 

B?sin 2 5 2 , fi + ^f* (s^O (3=^01 if2>A; 



where we defined 



UJ ~ 4T(l + ci) ■ { ' 
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